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ON THE ARGUMENT OF ABEL,* RESPECTING THE 
IMPOSSIBILITY OF EXPRESSING A ROOT OF ANY 
GENERAL EQUATION ABOVE THE FOURTH DEGREE, 
BY ANY FINITE COMBINATION OF RADICALS AND 
RATIONAL FUNCTIONS} 


Read 22 May 1837. 


[Trans. Roy. Irish Acad. vol. xvin (1839), pp. 171-259.] 


[1]. Let a,,a,,...,a, be any n arbitrary quantities, or independent variables, real or 
imaginary, and let ai, &, -.., €, be any n’ radicals, such that 


= id AOE . 
1 sees i = n’ 1 ++ Wn) 
ai=f(a Ges’ =f, (dy, ..., A) 


again, let aj, ..., dp- be n” new ETEN such that 


ee dai.s-rån), 
oh ae wae f/f a4; eee 5 Ents Makis Ah); 


and so on, till we arrive at a system of equations of the form 


(m) — = 

agim — fom—D (qn), o aM D, a-d, ... A es PSI Aia ads 
(m) r ae =A 

AME nim) = fy (afr D ...,0 OS Mamaa aa nm- R yy r), 


the exponents a being all integral AWN numbers greater than unity, and the functions 

J{E-? being rational, but all being otherwise arbitrary. Then, if we represent by b™ any rational 
function f™ of all the foregoing quantities a", 

bm) = F(a, ..., a, a—, ..., 


an; se ks EO SRL) 

we may consider this quantity 6™ as being also an irrational function of the n original 
quantities, &4, ...,@,,; in which latter view it may be said, according to a phraseology proposed 
by Abel, to be an irrational function of the m™* order: and may be regarded as the general type 
of every conceivable function of any finite number of independent variables, which can be 
formed by any finite number of additions, subtractions, multiplications, divisions, elevations 
to powers, and extraction of roots of functions; since it is obvious that any extraction of a 


* [N. H. Abel, J. fiir reine u. angew. Math. (Crelle), vol. 1 (1826), pp. 65-84; see also @uvres Completes, 
1881, vol. 1, p. 75.] 

+ [L. E. Dickson, Modern algebraic theories, New York, 1930, chapter x (Equations solvable by radicals) 
notes that Hamilton corrected Abel’s proof in two particulars, and refers to Hamilton’s account as ‘a very 
complicated reconstruction of Abel’s proof’.] 
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radical with a composite exponent, such as se ji, may be reduced to a system of successive 


extractions of radicals with prime exponents, such as 
æi _ Fl ag ) May -a 
ttn =f 


Insomuch that the question, ‘Whether it be possible to express a root x of the general equation 
of the n degree, x" +a,2"1+...44,_,¢%+a,=90, 

in terms of the coefficients of that equation, by any finite combination of radicals and rational 
functions?’ is, as Abel has remarked, equivalent to the question, ‘Whether it be possible to 
equate a root of the general equation of any given degree to an irrational function of the 
coefficients of that equation, which function shall be of any finite order m?’ or to this other 
question: ‘Is it possible to satisfy, by any function of the form b™, the equation 


bmn y a bmn... +4, _,6M+4, =0, 
in which the exponent n is given, but the coefficients a4, a9, ..., &„ are arbitrary?’ 


[2]. For the cases n=2, n=3, n= 4, this question has long since been determined in the 
afirmative, by the discovery of the known solutions of the general quadratic, cubic, and 
biquadratic equations. 

Thus, for = 2, it has long been known that a root x of the general quadratic equation, 


r? +a t +a =Ù, 


can be expressed as a finite irrational function of the two arbitrary coefficients a,,a,, namely, 
as the following function, which is of the first order: 


—a 
a= b' =f" (aj, ay, 4) = hee +a, 
2 
the radical a; being such that a," = f,(@,,@_)= a dz; 


4 
insomuch that, with this form of the irrational function b’, the equation 
b’2+a,b’+a,=0 


is satisfied, independently of the quantities a, and a, which remain altogether arbitrary. 
Again, it is well known that for n =3, that is, in the case of the general cubic equation 


x3 + a,x" +d,¢%+a,=0, 


a root x may be expressed as an irrational function of the three arbitrary coefficients, a1, ao, ag, 
namely as the following function, which is of the second order: 


x=b" =f' (ù, ay, A, Aa, as) 


a C 
F -3+4 +2; 
3 1 


the radical of highest order, aj, being defined by the equation 
ay? =f 1(a}, 41, 4g, 4s) 


= +i 
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and the subordinate radical a; being defined by this other equation 


a4? =f,(a1, da, 43) = Cj — C, 

while c, and c, denote for abridgment the two following rational functions: 
C= —g4(2aj—9a,a,+27a3), C= §5(Aj— 3a); 

so that, with this form of the irrational function b”, the equation 

b"3 +a,b"2+ a,b" +a,=0 
is satisfied, without any restriction being imposed on the three coefficients d4, dg, ds. 

For n= 4, that is, for the case of the general biquadratic equation 
v*+a,x°+a,x%7+a,%+a,=0, 


it is known in like manner, that a root can be expressed as a finite irrational function of the 
coefficients, namely as the following function, which is of the third order: 


a e 
p O EIIE I 77 a MT 2 ed 2 Lia 1 m m AP: 
x =b" =f" (ay, dy, A1, Aj, Ay, Ag, Ag, Q4) = — Piha +A, t-m m> 
A, A 
: e 
s m HfM , n 2 
wherein a1? =f5(A}, A, Ay, Ag, Ag, Ay) = €3 +5 + a” 
1 
ez 


m n n 
az? = f 3(01, Ai, Ay, Ag, Ag, Ag) = e3 +30, +—,,, 
P3% 
n , , 
ai? =f; (a4, Ai, Ag, A3, 4) ae ay, 
12 A, 3. 
a4? =f, (41, My, Ag, 4) = CF — €3; 
€4, êg, €g, €} denoting for abridgment the following rational functions: 
E 3 ; 
€4= 1(— 4 + 40,4, — 8as), 
eed 
€3 = gg(3aj — 8p), 
€,=744( — 34,43 + 03+ 12a,), 


e1 = $ (32223 — 63 + ef) 


= z456 (27aĵa, — 90, A, + 2a} — 72a,a,+ 2703), 
and p being a root of the numerical equation 
pr + P3 + 1 = 0. 


It is known also, that a root x of the same general biquadratic equation may be expressed in 
another way, as an irrational function of the fourth order of the same arbitrary coefficients 
Qi, Iz, Ag, 44, namely the following: 


a 
“owt , 1 m à 
x=b!V = fT (af , aj , az, Aj, Q1, Ay, Ag, 4) = vAr iiei. +aq’; 


the radical a}V being defined by the equation 


2e, 
ay ? 


I Wit m n , in 
ai = fi (ay, Ais Ai, Ars Ag, Ag, A4) = — A]? + 323 + 


m 


while aï, aj, aj, and €z, €g, €z, €1, retain their recent meanings. Insomuch that either the function 
of third order b”, or the function of fourth order b!Y, may be substituted for 2 in the general 
biquadratic equation; or, to express the same thing otherwise, the two equations following: 


bay a, p73 Me db"? + a,b” +a,= 0, 
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and BIV4 + a, b1V3 + a, b1V2 +a bY +a,=0, 


are both identically true, in virtue merely of the forms of the irrational functions b” and bY, 
and independently of the values of the four arbitrary coefficients a,, dy, ag, a4. 

But for higher values of n the question becomes more difficult; and even for the case n = 5, 
that is, for the general equation of the fifth degree, 


w+ a,%4+a,23+a,27+a,x+a;,=0, 


the opinions of mathematicians appear to be not yet entirely agreed respecting the possibility 
or impossibility of expressing a root as a function of the coefficients by any finite combination 
of radicals and rational functions: or, in other words, respecting the possibility or impossibility 
of satisfying, by any irrational function b™ of any finite order, the equation 


Bom? + a BO + a,b + a,b + a,b +a; =0, 


the five coefficients a, dz, a3, Q4, a, remaining altogether arbitrary. To assist in deciding 
opinions upon this important question, by developing and illustrating (with alterations) the 
admirable argument of Abel against the possibility of any such expression for a root of the 
general equation of the fifth, or any higher degree; and by applying the principles of the same 
argument, to show that no expression of the same kind exists for any root of any general but 
lower equation, (quadratic, cubic, or biquadratic,) essentially distinct from those which have 
long been known; is the chief object of the present paper. 


[3]. In general, if we call an irrational function irreducible, when it is impossible to express 
that function, or any one of its component radicals, by any smaller number of extractions of 
prime roots of variables, than the number which the actual expression of that function or 
radical involves; even by introducing roots of constant quantities, or of numerical equations, 
which roots are in this whole discussion considered as being themselves constant quantities, 
so that they neither influence the order of an irrational function, nor are included among the 
radicals denoted by the symbols a}, &c.; then it is not difficult to prove that such irreducible 
irrational functions possess several properties in common, which are adapted to assist in 
deciding the question just now stated. 

In the first place it may be observed, that, by an easy preparation, the general irrational 
function 6™ of any order m may be put under the form 


bm) — 


(m) (m) 
AA”... af), 
Bm <a” 


(m —1) 
(biim Br) 
in which the coefficient On 1) p, is a function of the order m — 1, or of a lower order; the ex- 
(m... AUN) 


ponent /%” is zero, or any positive integer less than the prime number a” which enters as 
exponent into the equation of definition of the radical a”, namely, 
a” aim) = amar 
and the sign of summation extends to all the a&” .a¥” ... a” terms which have exponents £9" 
subject to the condition just now mentioned. 
For, inasmuch as b™ is, by supposition, a rational function f™ of all the radicals a®, it is, 
with respect to any radical of highest order, such as a%”, a function of the form 
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M and N being here used as signs of some whole functions, or finite integral polynomes. Now, 
if we denote by p, any root of the numerical equation 

Pa + pa + pe ?+...+patPa+1=0, 
so that p, is at the same time a root of unity, because the last equation gives 
pa=l; 
and if we suppose the number « to be prime, so that 
Par Par Par ++» Pa” 


are, in some arrangement or other, the «—1 roots of the equation above assigned: then, the 
product of all the «—1 whole functions following, 


M(p,a).M (pz) ... M(pz-*a) = L(a), 
is not only itself a whole function of a, but is one which, when multiplied by W(a), gives a 
product of the form L(a). M(a)= K(a*) 
K being here (as well as L) a sign of some whole function. If then we form the product 
M (Pago af). M(pimay”) .... M PR af”) = Lay”), 
and multiply, by it, both numerator and denominator of the recently assigned expression for 
bm, we obtain this new expression for that general irrational function, 


_ Lag”). N(a) _ L(ag”). Na) _ L(a??) .N(a%”) 


bm) — = = 
LGA Map) Kan) K(f“) 


=I(a); 


the characteristic J denoting here some function, which, relatively to the radical a9”, is whole, 
so that it may be thus developed, 


b™ — Ia”) =1h+ La” + Lae +...4 1.0%", 
r being a finite positive integer, and the coefficients J, L, ..., I, being, in general, functions of 
the mt? order, but not involving the radical af”. And because the definition of that radical 
gives ah — amo ( fom—Dye 
it is unnecessary to retain in evidence any of its powers of which the exponents are not less 
than «””; we may therefore put the development of b under the form 
bm) = Hy + Hay +... + Hm (ag), 
the coefficients Mp, H,,... being still, in general, functions of the mt? order, not involving the 
radical af”. It is clear that by a repetition of this process of transformation, the radicals 
a{”, ...,a%n may all be removed from the denominator of the rational function f™; and that 
their exponents in the transformed numerator may all be depressed below the exponents which 
define those radicals: by which means, the development above announced for the general 
irrational function 6™ may be obtained; wherein the coefficient bpm, ao, admits of being 
analogously developed. 
For example, the function of the second order, 
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which was above assigned as an expression for a root of the general cubic equation, may be 


developed thus: =% (bz afi) =b, + b,a% + b,a! ?; 
1<3 


i i ; a i 4 c c 
in which Saag b=1, b= =a sa hear 


And this last coefficient b,, which is itself a function of the first order, may be developed thus: 


, NEUN > T TAA j YS Me 
1 1 pi<2 
: x ; Cac Cac Cal, = C —1 
In which By= 2 2 = =" 1 ee F 1 Ths 
d~ar ci-f, Paes C3 


Again, the function of the third order, 
b" = 4 Ba! 7 ay + ay +a ay a > 
A 


which expresses a root of the general biquadratic equation, may be developed as follows: 


b" = > Y (b37, pr. ahi, ay 62) = bo, ot bf, gay +05, 102 +05 101 ay; 


Ai <2 

pa<2 
. . n — Ay n n 
ın which SY r alt Lo=1, 6o,1=1, 

s e e e l U ve 
and bi = mg 3 ma a ar EDA Y aa aS a (e+p) . 
ay? ag” fifa n , êz ez pray 
atata €3 +30; +—; 
ai 


And this last coefficient 6 ,, which is nee a function of the second order, may be developed 


thus: n n , "BS , roe tf 
11=B8 moe (By; ay") = By + Bray + By ay; 
i< 


2 + 
; ; e e ESA 
gia ae f Aia Par Bim D8 2 P322 ; _ Pal 1 : 1) 
e4 e4 e4” ele +4) €423 


So that, upon the whole, these functions 6” and b”, which express, respectively, roots of the 
general cubic and biquadratic equations, may be put under the following forms, which involve 


no radicals in denominators: mo 
eael n ry (% 
b aE +4, +(c,—a; (2) ; 
te 1 2 
and al tar te 4 “14 ay + a3 +- {6 + p§ aj + ps(¢ — a3) (2 1) ) ai ag; ~- 


m it 


and the functions f{, fz, which enter into the equations of definition of the radicals aj’, az’, 
namely into the equations qi"? — =f", ait? —f" 


may in like manner be expressed so as to involve no radicals in denominators, namely thus: 


m 2 mM 2 
a a 
MA n , 1 mM ” 2 , 1 
ay? = ez +a + (e1 — a1) (2) , Ag? = 3+ p3aq + p3(€; — a) (2) . 
2 


2 
It would be easy to give other instances of the same sort of transformation, but it seems 
unnecessary to do so. 
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[4]. It is important in the next place to observe, that any term of the foregoing general 
development of the general irrational function b™, may be isolated from the rest, and expressed 
separately, as follows. Let DHe, ym, denote a new irrational function, which is formed from 


i by changing every radical such as a?” to a corresponding product such as Pry a”, in which 
Pam is, as before, a root of unity; so that 


Oey 


yn. (m) (m ay” (mon) e 
DT ee Anian ai.. ae); 
seres nim) 


Bea) 5 wa! 
prz am) - ( BY pn pa “a 
and let any isolated term of the E development of b™ or bf” o be denoted by the 
symbol (m m). 
7 t, By 7 Som D Bey" age ay al fnm; 


we shall then have, as the announced expression for this isolated term, the following: 


1 pm (m) (m) (m) 
pm) bom fi ie UEN a Ym) 
BQ, -s Bim AD., ol, yag Oe, ma, Pan Pain ); 


the sign of summation here extending to all those terms in which every index such as y””) is 
equal to zero or to some positive integer less than a”. 

Thus, in the case of the function of second order b”, which represents, as we have seen, a root 
of the general cubic equation, if we wish to obtain an isolated expression for any term ty of 
its development already found, namely the development 


b= 5 . (Wy .athi) =o, + bial + beat +t" 4th, 
"<3 


we have only to introduce the function 
Brg De (Dapa. 030%) = by Dpto + biaia, 
3 


1< 
and to employ pe formula 


=U CB =h. B55 PsA) = 365+ ps M05 + 95 ¥ib}). 


In particular, to = 5 = (05 + 6] +55), 
ty =b) a; = $(bp + ps 10, + ps *03), 
ty = byay”= 3 (bo +p *b1 + pg 05); 
in which bo = 65+ bia; +b3a12( =b"), 
1= 09 + 6) p3aj + bg p3a;?, 
2 = by +b, p§aj + bo p3a;?, 
and in which it is to be remembered that 
pP3+p3+1=0, and therefore p3=1. 
Again, if we wish to isolate any term tin gz Of the development above assigned for the 


function of third order b”, which represents a root of the general biquadratic equation, we may 
employ the formula 


1 
A al ea Pe er LL Nal 


or 
: He Hoi" 9+ ( nee | Abt ti 1) bg 4 sh xe 1)-Ai +62) bf 5 
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in which we have introduced the function 


m LS ” ye a “all ae 
e LON ula: baer Si 
Ay< 

ior 


=bp,9+(—1)" bf gay’ + (— 1)%205, 10% + (— 1i +7ibt al a; 


so that, in particular, we have the four einer 


m n m it biai pa 
to, o = bo,o = 4 (b0.0 + O10 bi 1), 
m n m m br m m 
ti o =b1, o% =4(50.0 4g ihe 1)» 
n 
to, 4 nen =b, 1% = 3(B6.o ahs "R nls —bi 


m Mf I Miz Kix an 0.4 m 


LL 


in which a ot by ay pe x “4 ee 1s Ge; 
bY = 50,0 — 51,041 +bo,142 — 4,107 a2, 
by, 1= 50,0 + 51,041 — 50,142 — 55,144 Qg, 
B11 = 50,0— 51,041 — 90,142 +b1,141 ay. 

In these examples, the truth of the results is obvious; and the general duntataaddiah: follows 
easily from the properties of the roots of unity. 

[5]. We have hitherto made no use of the assumed irreducibility of the irrational function 
6”. But taking now this property into account, we soon perceive that the component radicals 
a, which enter into the composition of this irreducible function, must not be subject to, nor 
even compatible with, any equations or equation of condition whatever, except only the 
equations of definition, which determine those radicals a, by determining their prime powers 
ai, For the existence or possibility of any such equation of condition in conjunction with 
those equations of definition, would enable us to express at least one of the above mentioned 
radicals as a rational function of others of the same system, and of orders not higher than its 
own, or even, perhaps, as a rational function of the original variables a, ...,a,,, though multi- 
plied in general by a root of a numerical equation; and therefore would enable us to diminish 
the number of extractions of prime roots of functions, which would be inconsistent with the 
irreducibility supposed. 

In fact, if any such equation of condition, involving any radical or radicals of the order k, 
but none of any higher order, were compatible with the equations of definition; then, by some 
obvious preparations, such as bringing the equation of condition to the form of zero equated 
to some finite polynomial function of some radical a of the k order; and rejecting, by the 
methods of equal roots and of the greatest common measure, all factors of this polynome, 
except those which are unequal among themselves, and are included among the factors of 
that other polynome which is equated to zero in the corresponding form of the equation of 
definition of the radical a; we should find that this last equation of definition 

a) aft) f*-Y=0 


must be divisible, either identically, or at least for some suitable system of values of the 
remaining radicals, by an equation of condition of the form 

a9 4+ GMaho-2 4... + GM ,aP+G"=0 
g being less than a, and the coefficients G®, ..., G® being functions of orders not higher than 
k, and not involving the radical a. Now if we were to suppose that, for any system of values 
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of the remaining radicals, the coefficients GY”, ... should all be =0, or indeed if even the last 
of those coefficients should thus vanish, we should then have a new equation of condition, 
namely the following: fe-Y=0 

a 5) 


which would be obliged to be compatible with the equations of definition of the remaining 
radicals, and would therefore either conduct at last, by a repetition of the same analysis, to 
a radical essentially vanishing, and consequently superfluous, among those which have been 
supposed to enter into the composition of the function b™; or else would bring us back to the 
divisibility of an equation of definition by an equation of condition, of the form just now 
assigned, and with coefficients GY, ...,@“ which would not all be =0. But for this purpose 
it would be necessary that a relation, or system of relations, should exist, (or at least should 
be compatible with the remaining equations of definition,) of the form 


B) i Zsayg lle 
GP = was, 
e being less than «%, and v, being different from zero, and being a root of a numerical equation; 


and because a) is prime, we could find integer numbers A and yw, which would satisfy the 
condition 
Aa — we=1; 

so that, finally, we should have an expression for the radical a?”, as a rational function of others 
of the same system, and of orders not higher than its own, though multiplied in general (as was 
above announced) by a root of a numerical equation; namely the following expression: 


al = vtae fA, 
And if we should suppose this last equation to be not identically true, but only to hold good 
for some systems of values of the remaining radicals, of orders not higher than k, we should 


still obtain, at least, an equation of condition between those remaining radicals, by raising the 
expression just found for a to the power a"); namely, the following equation of condition, 


= as = (k) 
JE-D— (LOR fE- 0, 


which might then be treated like the former, till at last an expression should be obtained, of 
the kind above announced, for at least one of the remaining radicals. In every case, therefore, 
we should be conducted to a diminution of the number of prime roots of variables in the 
expression of the function b™, which consequently would not be irreducible. 

For example, if an irrational function of the m™ order contain any radical a?” of the cubic 
form, its exponent a!” being =3, and its equation of definition being of the form 


aha Baer? ©. pale aia ay) 
if also the other equations of definition permit us to suppose that this radical may be equal to 
some rational function of the rest, so that an equation of the form 
al” + G — 0, 
(in which the function GY” does not contain the radical a”,) is compatible with the equation 
of definition ag” — fm-D=0; 


then, from the forms of these two last mentioned equations, the latter must be divisible by 
the former, at least for some suitable system of values of the remaining radicals: and therefore 
the following relation, which does not involve the radical a’, namely, 


f= ap Gm = 0, 


www.rcin.org.pl 


526 L. THE ARGUMENT OF ABEL ON FIFTH DEGREE EQUATIONS 
must be either identically true, in which case we may substitute for the radical a%”, in the 
proposed function of the m order, the expression 

am = — ¥/1.G™; 
or at least it must be true as an equation of condition between the remaining radicals, and 


liable as such to a similar treatment, conducting to an analogous result. 
A more simple and specific example is supplied by the following function of the second order, 


a o 
r= -7 + Yle + Vei-i) + Yle Vi- e), 
which is not uncommonly proposed as an expression for a root x of the general cubic equation 
L? + 0,07 +a +a =O, 


c, and c, being certain rational functions of a,, a), a,, which were assigned in a former article, 
and which are such that the cubic equation may be thus written: 


(x+%)'- 3Cy (2+5) — 2c,=0. 
Putting this function of the second order under the form 
=- +a +a, 
in which the radicals are defined as follows, 
aP=c,+a;, as =e A a?=c?-—c, 


we easily perceive that it is permitted by these definitions to suppose that the radicals aj, az are 
connected so as to satisfy the following equation of condition, 


A A = Co; 
and even that this supposition must be made, in order to render the proposed function of the 


second order a root of the cubic equation. But the mere knowledge of the compatibility of the 
equation of condition 


dz — a N, 
with the equation of definition az? — (c,—a,)=0, 


is sufficient to enable us to infer, from the forms of these two equations, that the latter is 
divisible by the former, at least for some suitable system of values of the remaining radicals 
a; and a}, consistent with their equations of definition; and therefore that the following 


relation à 
C — äi — e) =0 
1 1 ai , 
and the expression a= V1. 2 : 
1 
are at least consistent with those equations. In the present example, the relation thus arrived 
at is found to be identically true, and consequently the radicals a; and aj remain independent 
of each other; but for the same reason, the radical a, may be changed to the expression just 
now given; so that the proposed function of the second order, 


ig 
v=, +a; +43, 
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may, by the mere definitions of its radicals, and even without attending to the cubic equation 
which it was designed to satisfy, be put under the form 


PEEL ee 
3 ay 
the number of prime roots of variables being depressed from three to two; and consequently 


that proposed function was not irreducible in the sense which has been already explained. 


[6]. From the foregoing properties of irrational and irreducible functions, it follows easily 
that if any one value of any such function 6™, corresponding to any one system of values of 
the radicals on which it depends, be equal to any one root of any equation of the form 


x8+A,x%14+...4+A,_,4+A,=0, 


in which the coefficients A,,...,A, are any rational functions of the n original quantities 
@,,...,;@4,; in such a manner that for some one system of values of the radicals aj, &c., the 


equation bms + Adem * 4. 4+.A,=0 


is satisfied: then the same equation must be satisfied, also, for all systems of values of those 
radicals, consistent with their equations of definition. It is an immediate consequence of this 
result, that all the values of the function which has already been denoted by the symbol 


beim y must represent roots of the same equation of the s*® degree; and the same principles 
Saas 


show that all these values of DSim must be unequal among themselves, and therefore must 
represent so many different roots £, £a, ... of the same equation x+ &c.=0, if every index or 
exponent y%™® be restricted, as before, to denote either zero or some positive integer number 
less than the corresponding exponent «%”: for if, with this restriction, any two of the values 
of Om, could be supposed equal, an equation of condition between the radicals af”, &c. 


would arise, which would be inconsistent with the supposed irreducibility of the function b™. 
For example, having found that the cubic equation 


w+, L? +a,x%+a,=0 


is satisfied by the irrational and irreducible function b” above assigned, we can infer that the 
same equation is satisfied by all the three values bo, b1, bz of the function b;-; and that these 
three values must be all unequal among themselves, so that they must represent some three 
unequal roots x,, £o, zz, and consequently all the three roots of the cubic equation proposed. 


[7]. Combining the result of the last article with that which was before obtained respecting 
the isolating of a term of a development, we see that if any root x of any proposed equation, of 
any degree s, in which the s coefficients 44, ..., A, are still supposed to be rational functions of 
the n original quantities a,,...,@,,, can be expressed as an irrational and irreducible function 
b™ of those original quantities; and if that function b™ be developed under the form above 
assigned; then every term am, of this development may be expressed as a rational (and 
indeed linear) function of some or all the s roots £, £a, ..., X, of the same proposed equation. 

For example, when we have found that a root x of the cubic equation 


L? +A L? +a,x+a,=0 
can be represented by the irrational and irreducible function aiready mentioned, 


r=" =b, + bial + yay =t +t + 
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(in which 6, =1,) we can express the separate terms of this last development as follows, 

to = by = $(21 + X2 + 23), 

ti = bya} = (£1 + pg "X + p3” T3), 

ty = bgay?= §(£1 +3’ £ + pas); 


namely, by changing bo, bi, bz tO £1, £a, £z in the expressions found before for to, t4, tz- 
In like manner, when a root x of the biquadratic equation 


x4 +a,2%3 +A L+ ArH =O 


is represented by the irrational function 

&=b" =b o + b1, 001 +b0,143 +0 14742 =t, 0 +t otto +h 1 
in which bf ọ=bọ,ı= l, we easily derive, from results obtained before, (by merely changing 
boo 90,1» 1,0 51,1 tO Z1; Zo, %3, L4) the following expressions for the four separate terms of this 
SERPIB NO: to, 9 = 00,9 = 4 (1 +23 + X3 + 2X4), 


ti 0 = 05,001 =F (24 +2 — £g — 14), 


to. 1 = 05,109 = (£1 — Ta + £3 — T4); 


ti, = 04,107 2 = (21 — T2 — Tg + T4); 
Zis Lp, Lz, XVa being some four unequal roots, and therefore all the four roots of the proposed 
biquadratic equation. 

And when that equation has a root represented in this other way, which also has been 


m 


already indicated, and in which 67 = 1, 


—a m 
caba tarta =b HoLa an +H", 


then each of the two terms of this last development may be separately expressed as follows, 
iY =b] =3(% +2), t =b1a]" =}(x,— %2) 
x, and x, being some two unequal roots of the same biquadratic equation. 
A still more simple example is supplied by the quadratic equation, 
r? +4+a,%+4,=0; 
for when we represent a root x of this equation as follows, 


+a, =t) +h, 
we have the following well-known expressions for the two terms tọ, ti, as rational and linear 
functions of the roots 2, Xp, 
, —a , , 
hems R(X +X), ti=a1=}(t1— t). 
In these examples, the radicals of highest order, namely, a; in b’, aj in b”, aï and azin b”, and 
al” in b17, have all had the coefficients of their first powers equal to unity; and consequently 
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have been themselves expressed as rational (though unsymmetric) functions of the roots of 
that equation in x, which the function b6™ satisfies; namely, 


A, = 3(%1— T2), 

ai = $(%1 + P§%_ + Pz Xs), 
Ay = F(X, +a — Xg — T4), 
Uy = {(21 — To + Xg — X4), 


az’ = }(%,— 2); 
the first expression being connected with the general quadratic, the second with the general 
cubic, and the three last with the general biquadratic equation. We shall soon see that all 
these results are included in one more general. 


[8]. To illustrate, by a preliminary example, the reasonings to which we are next to proceed, 
let it be supposed that any two of the terms tm, _ are of the forms 
t> 1,3,4= 03, 1,3,44174343° 044, 
and ti, 1,2,3 = 94,1,2,3%1% a3? 43, 
in which the radicals are defined by equations such as the following 
ap=fi, =f a3°=f3, =f 
their exponents «{, a3, a3, %4 being respectively equal to the numbers 3, 3, 5, 5. We shall then 


have, by raising the two terms t” to suitable powers, and attending to the equations of 
definition, the following expressions: 


ta], 3,4 = ba1i,3,4 fiffa fae az? ag; 
tt 2,3 = OY 23 J1 Sa S3 fa aiaa; 
19°, 3, a=b 1,3 Advise Je a344; 
ts 1,2, 3= 15 RESEAL afa 3 a324; 
which give Ti=0;iai, Tz=Cya;, T3=03a3, Tı=04%, 


if we put, for abridgment, 


=10 . . Y lo 6/10 12 
Ti=t21],3,401,12,33 C1 = 09'9 3,40 11,2,3J1° 3 
iis / 4—10 120 13 f/2 fla. 
Ts =t2 13,401, 2,39 an =b; 1,3,491,1,2,3 2 J3 J4 > 
= À ty A x A T b724 44 f/-2 f/, 
T3 = to) 3,461,1.2,33 3 =b31,3,4 bin afi fz Íz: 


i — 


a=b, Tai tii 2,35; C7 = by, 13,4 bii ashi I afa tas 
And, with a little attention, it becomes clear that the same sort of process may be applied to 
the terms tom __ of the development of any irreducible function 6™; so that we have, in general, 
a system of relations, such as the following: } 
By = Cf May; 0463 PG Oy = O% Tr any; 
in which 7% is the product of certain powers (with exponents positive, or negative, or null) 
of the various terms xm), _; and the coefficient C/”~ is different from zero, but is of an order 


lower than m. For if any radical of the order m were supposed to be so inextricably connected, 
in every term, with one or more of the remaining radicals of the same highest order, that it 


34 è H&I 


www.rcin.org.pl 


530 L. THE ARGUMENT OF ABEL ON FIFTH DEGREE EQUATIONS 


could not be disentangled from them by a process of the foregoing kind; and that thus the 
foregoing analysis of the function b™ should be unable to conduct to separate expressions for 
those radicals; it would then, reciprocally, have been unnecessary to calculate them separately, 
in effecting the synthesis of that function; which function, consequently, would not be irre- 
ducible. If, for jonah the exponents «” and a”, which enter into the equations of definition 
of the radicals a?” and a”, should both be = 3, so that those radicals should both be cube-roots 
of functions of lower orders; and if these two cube-roots should enter only by their product, 
so that no analysis of the foregoing kind could obtain them otherwise than in connexion, and 
under the form C™—Yaf” a”; it would then have been sufficient, in effecting the synthesis of 
b™), to have calculated only the cube-root of the product af”? ay? = f{m-1 ffm-d =f», instead 
of calculating separately the cube-roots of its two factors, af”? = f{m-0, and af? =fg"-»:: the 
number of extractions of prime roots of variables might, therefore, have been diminished in 
the calculation of the function b, which would be inconsistent with the irreducibility of that 
function. 

In the cases of the irreducible functions b’, b”, b”, b'Y, which have been above assigned, as 
representing roots of the general quadratic, cubic, and biquadratic equations, the theorem of 
the present article is seen at once to hold good; because in these the radicals of highest order 
are themselves terms of the developments in question, the coefficients of their first powers 
being already equal to unity. Thus in the development of b’, we have aj =¢;; in b”, we have 


ai =ti; in b”, we have aj =tio and az =tọ.1; and in bY, we have al’ =H. 


[9]. By raising to the proper powers the general expressions of the form 
TY = o-a, 
we obtain a system of n™) equations of this other form 
Toma” — Om Day fim-) _ fm-d, 


fi” being some new irrational function, of an order lower than m; and by combining the 
same expressions with those which define the various terms tm, _., the number of which terms 


we shall denote by the symbol ¢™, we obtain another system of ¢™ equations, of which the 


following is a type 
? TO \ —1) 

, i Ui, AO D pimi, weap Ana)? 

if we put, for abridgment, 


— Aim) — Am) 
Us iad he tah, i Tm) A wo Dey Paton 
and Bem D = BGS D OPA Clad Fai, 
ae Mm) 


In this manner we obtain in general n™ +% equations, in each of which the product of certain 
powers, (with positive, negative, or null exponents,) of the ¢ terms of the development of the 
irrational function b% , is equated to some other irrational function, f"—» or b\™-d, of an order 
lower than m. Indeed, it is to be observed, that since these various equations are obtained by 
an elimination of the n™ radicals of highest order, between their n™ equations of definition 
and the ¢ expressions for the ¢ terms of the development of b™, they cannot be equivalent 
to more than ¢™ distinct relations. But, among them, they must involve explicitly all the 
radicals of lower orders, which enter into the composition of the irreducible function 6&™. For 
if any radical a®, of order lower than m, were wanting in all the n™ + ¢™ functions of the forms 


fim and bX an, sm 
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we might then employ instead of the old system of radicals a”, ... of the order m, a new and 
equally numerous system of radicals a{™,... according to the following type, 


(m) 


and might then express all the ¢ terms of b™, by means of these new radicals, according to 


the formula (m) 


OB, = Dig? ane... aga, 
which would not involve the radical a; so that in this way the number of extractions of prime 
roots of variables might be diminished, which would be inconsistent with the irreducibility 
of b0, 

The results of the present article may be exemplified in the case of any one of the functions 
b’, b”, b", bIY, which have already been considered. Thus, in the case of the function b”, which 


represents a root of the general cubic equation, we have 
Ti=H, Ci=l, f'=fi, bp =bg Up = bge ti P, 
and the n™ +#=1+43=4 following relations hold good: 
emf, t=O, E Ge t=); 
of which indeed the third is identically true, and the second does not involve aj, because 


b= -3; but both the first and fourth of these relations involve that radical a}, because 


C,— a. 


c 


fi = +a, and b= 


[10]. Since each of the ¢ terms of the development of 6™ can be expressed as a rational 
function of the s roots z, ...,% of that equation of the s*® degree which b™ is supposed to 
satisfy; it follows that every rational function of these ¢” terms must be likewise a rational 
function of those s roots, and must admit, as such, of some finite number r of values, corre- 
sponding to all possible changes of arrangement of the same s roots among themselves. The 
same term or function must, for the same reason, be itself a root of an equation of the 7 
degree, of which the coefficients are symmetrical functions of the s roots, x, ...,%,, and there- 
fore are rational functions of the s coefficient A,,...,A,, and ultimately of the n original 
quantities a,,...,@,; while the r— 1 other roots of this new equation are the r—1 other values 
of the same function of 2,,...,2,, corresponding to the changes of arrangement just now 
mentioned. Hence, every one of the n™ +¢™ functions T and U' po, and therefore also 
every one of the n™ + ¢™ functions f;-» and Dim, 2> to which they are respectively equal, and 
which have been shown to contain, among them, all the radicals of orders lower than m, must 
be a root of some such new equation, although the degree r will not in general be the same for 
all. Treating these new equations and functions, and the radicals of the order m—1, as the 
equation «°+ &c.=0, the function b™, and the radicals of the order m have been already 
treated; we obtain a new system of relations, analogous to those already found, and capable 
of being thus denoted: 


on E iy ae (m—1) \m—2). a Sige ks 
TE D= ogr Dag p: Te apy =f, p 2 U ni) hire im). nae, 
And so proceeding, we come at last to a system of the form, 
T=C,a); eees ToC a); 


34-2 
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in which the coefficient C; is different from zero, and is a rational function of the n original 
quantities a,,...,@,; while T; is a rational function of the s roots z, ...,2, of that equation of 
the st degree in 2 which it has been supposed that b™ satisfies. We have therefore the 
expression ae T, 

WET C; ? 
which enables us to consider every radical a}, of the first order, as a rational function F; of the 
S roots 2%, ...,%,, and of the n original quantities a,,...,a,: so that we may write 


A = F E. Ly Uy sss By). 
But before arriving at the last mentioned system of relations, another system of the form 
P= oiai sag Ler eay- 


must have been found, in which the coefficient Cj is different from zero, and is a rational 
function of aj,...,a,- and of a,,...,a,, while T} is a rational function of 2,,...,%,; we have 
therefore the expression q” 

i 


a;= OC, > | 
and we see that every radical of the second order also is equal to a rational function of 
Xy,...,v, and of a,,...,a,: so that we may write 


n m 
(e AAA BA E o TAIA AE? TAI A 


And re-ascending thus, through orders higher and higher, we find, finally, by similar 
reasonings, that every one of the n'+n” +... +n® +... +n™ radicals which enter into the 
composition of the irrational and irreducible function b™, such as the radical a, must be 
expressible as a rational function F® of the roots 2,,...,2,, and of the original quantities 
4,...,@,: SO that we have a complete system of expressions, for all these radicals, which are 
included in the general formula Pie 

GY?) ce IOS y's, Doala Be) 

Thus, in the case of the cubic equation and the function b”, when we have arrived at the 

relation ef’, 


in which ti =4(a,+pP§%etPs3%5), and fi=cı+di, 


we find that the rational function 
£73 = dy (£1 + P5 2a + p3 T3)? 


admits only of two different values, in whatever way the arrangement of the three roots 
Zi, Xo, vg May be changed; it must therefore be itself a root of a quadratic equation, in which 
the coefficients are symmetric functions of those three roots, and consequently rational 
functions of a,,@,a,; namely, the equation ~ 


O = (t°)? — air{(@1 + P3%2 + P323)? + (X1 + P3Xs + Pz Xq)%} (t19) 
+ raolt P3 La +P383)? (wy + P3 Xs + PgXo)® 
"3)2 4 1 (993 m3 aj — 3a,\* 
= (°)" + x7(2aq — 9a, a, + 27a5) (f°) + aur ge fi 
The same quadratic equation must therefore be satisfied when we substitute for t1? the function 


cı +a; to which it is equal, and in which a; is a square root; it must therefore be satisfied by 
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both values of the function c; + aj, because the radical a; must be subject to no condition except 
that by which its square is determined; therefore, this radical a, must be equal to the semi- 
difference of two unequal roots of the same quadratic equation; that is, to the semi-difference 
of the two values of the rational function ¢{3; which semi-difference is itself a rational function 
of £i, Xp, Xz, namely, 


a = Pa {(%1 + 3X2 + p323)? — (21 + 03%3 + Pz %o)*} 
T (3 — Pg) (£1 — £2) (L1 — L3) (La — £3) = F i(£1, Lo, Xe). 


The same conclusion would have been obtained, though in a somewhat less simple way, if 


we had employed the relation it"? = bi, 

i i n n 3 4 4 ae ie 

in which nya rt PEt Pots) yy 2—t 
(£1 + Pz 22 + P33) c? 


[11]. In general, let p be the number of values which the rational function F® can receive, 
by altering in all possible ways the arrangement of the s roots x, ...,x,, these roots being still 
treated as arbitrary and independent quantities, (so that p is equal either to the product 
1.2.3...8, or to some submultiple of that product); we shall then have an identical equation 


of the form FR? + D, PY? +... + Dp FY +D,=0, 


in which the coefficients D}, ..., D, are rational functions of a,,...,a,; and therefore at least 
one value of the radical a must satisfy the equation 


af? + Daf? +....+ Dy_,a + D, =0. 


But in order to do this, it is necessary, for reasons already explained, that all the values of the 
same radical a’, obtained by multiplying itself and all its subordinate radicals of the same 
functional system by any powers of the corresponding roots of unity, should satisfy the same 
equation; and therefore that the number g of these values of the radical a should not exceed 
the degree p of that equation, or the number of the values of the rational function F®. 

Again, since we have denoted by q the number of values of the radical, we must suppose that 
it satisfies identically an equation of the form 


af? + Hat" + ...4+H,_,a+H,=0, 


the coefficients Æ}, ...,#, being rational functions of a,,...,a@,,; and therefore that at least one 
value of the function F satisfies the equation 


FP +E, FP +... +E a FP +E, =0. 
Suppose now that the s roots x,,...,2, of the original equation in x, 
x°+A,uv%1+...4A, ,%+A,=0, 


are really unconnected by any relation among themselves, a supposition which requires that 
s should not be greater than n, since A,,..., A, are rational functions of a,, ..., a,,; suppose also 
that a,,...,a@, can be expressed, reciprocally, as rational functions of A,,...,A,, a supposition 
which requires, reciprocally, that n should not be greater than s, because the original quantities 
a, ---, An are, in this whole discussion, considered as independent of each other. With these sup- 
positions, which involve the equality s=n, we may consider the n quantities a,,...,a,, and 
therefore also the q coefficients H,,..., #,, as being symmetric functions of the n roots z4, ...,x 
of the equation 


n 


A at E RA aek A) =O; 
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we may also consider F' as being a rational but unsymmetric function of the same n arbitrary 


roots, so that we may write ; 
? y af = FY (a,,...5%n); 


and since the truth of the equation 
FY +E PPI +...4£,=0 


must depend only on the forms of the functions, and not on the values of the quantities which it 
involves, (those values being altogether arbitrary,) we may alter in any manner the arrange- 
ment of these n arbitrary quantities x,,...,x,, and the equation must still hold good. But by 
such changes of arrangement, the symmetric coefficients Æ}, ..., Æ, remain unchanged, while 
the rational but unsymmetric function F takes, in succession, all those p values of which it 
was before supposed to be capable; these p unequal values therefore must all be roots of the 
same equation of the g*" degree, and consequently q must not be less than p. And since it has 
been shown that the former of these two last mentioned numbers must not exceed the latter, it 
follows that they must be equal to each other, so that we have the relation 


q=p: 
that is, the radical a and the rational function F must be exactly coextensive in multiplicity 
of value. 
For example, when, in considering the irreducible irrational expression b” for a root of the 
general cubic, we are conducted to the relation assigned in the last article, 


Ay = Fy(21, Xp, 23) = 7g (3 — P3) (81 — L2) (L1 — T3) (L2 — t3); 
we can then at pleasure infer, either that the radical aj must admit (as a radical) of two and 
only two values, if we have previously perceived that the rational function Fi admits (as a 
rational function) of two values, and only two, corresponding to changes of arrangement of 
the three roots x, £2, xg, namely, the two following values, which differ by their signs, 


+ Falp? — Ps) (L1 — Xp) (L1 — 2g) (La — X3); 
or else we may infer that the function F; admits thus of two values and two only, for all 


changes of arrangement of 21, 2,73, if we have perceived that the radical a; (as being given 


by its square 12 2.3 
y q , ai =f, =c?—c, 


which square is rational,) admits, itself, of the two values +a; which differ in their signs. 
[12]. The conditions assumed in the last article are all fulfilled, when we suppose the 


coefficients A, &c. to coincide with the n original quantities a,, &c., that is, when we return to 
the equation originally proposed; 


x" +a, x" 14+ ...4a,_,x+4a, =), 
which is the general equation of the nt degree: so that we have, for any radical a, which 


enters into the composition of any irrational and irreducible function representing any root 
of any such equation, an expression of the form 

aP = FM (x,, «+09 %q)5 
the radical and the rational function being coextensive in multiplicity of value. We are, there- 
fore, conducted thus to the following important theorem, to which Abel first was led, by 
reasonings somewhat different from the foregoing: namely, that ‘if a root x of the general 


equation of any particular degree n can be expressed as an irreducible irrational function 
bm of the n arbitrary coefficients of that equation, then every radical a, which enters into 
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the composition of that function b, must admit of being expressed as a rational, though 
unsymmetric function F® of the n arbitrary roots of the same general equation; and this 
rational but unsymmetric function F must admit of receiving exactly the same variety of 
values, through changes of arrangement of the n roots on which it depends, as that which the 
radical a) can receive, through multiplications of itself and of all its subordinate functional 
radicals by any powers of the corresponding roots of unity.’ 

Examples of the truth of this theorem have already been given, by anticipation, in the 
seventh and tenth articles of this Essay; to which we may add, that the radicals aj and aj, in 
the expressions given above for a root of the general biquadratic, admit of being thus expressed: 


Oy = get (y + Ly — L3 — L4)? + P3 (Ly — La + Ly — Wy)” + Pg (Ly — La — Xz +H%4)} 


= gy {ar 2a + 2ga + plL Xz + LaLa) + Pg(X1 L4 + %_Xz)}; 


Oy = gb s G(X 1 Let LaLa t+ plL Tg + LaLa) + Pg(X1X4 + X_Xg)}* 


— gH g{% Xe + Lagla + 03(X 1X4 + Latz) + Pg(y%g + %_2,)} > 


= qi's2(P3 — P3) (X1 — Ve) (L1 — Lg) (L1 — L4) (La — L3) (La — L4) (Lz — T4). 


But before we proceed to apply this theorem to prove, in a manner similar to that of Abel, 
the impossibility of obtaining any finite expression, irrational and irreducible, for a root of the 
general equation of the fifth degree, it will be instructive to apply it, in a new way, (according 
to the announcement made in the second article,) to equations of lower degrees; so as to draw, 
from those lower equations, a class of illustrations quite different from those which have been 
heretofore adduced: namely, by showing, à priori, with the help of the same general theorem, 
that no new finite function, irrational and irreducible, can be found, essentially distinct in its 
radicals from those which have long since been discovered, for expressing any root of any such 
lower but general equation, quadratic, cubic, or biquadratic, in terms of the coefficients of 
that equation. 


[13]. Beginning then with the general quadratic, 
T? +42 +4 =Ù, 


let us endeavour to investigate, à priori, with the help of the foregoing theorem, all possible 
forms of irrational and irreducible functions b, which can express a root x of this quadratic, 
in terms of the two arbitrary coefficients a4, a2, so as to satisfy identically, or independently 
_ of the values of those two coefficients, the equation 


b™ +a, 6™+a,=0. 


The two roots of the proposed quadratic being denoted by the symbols x and x,, we know that 
the two coefficients a, and a, are equal to the following symmetric functions, 


` a= — (£i + T2), Ag=X12%q} 


we cannot therefore suppose either root to be a rational function b of these coefficients, because 
an unsymmetric function of two arbitrary quantities cannot be equal to a symmetric function 
of the same; and consequently we must suppose that the exponent m of the order of the sought 
function b™ is greater than 0. The expression b™ for x must therefore involve at least one 
radical a}, which must itself admit of being expressed as a rational but unsymmetric function 


of the two roots 2, £z, , , 
i a, = Filt, £a), 
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and of which some prime power can be expressed as a rational function of the two coefficients 
hie a;i = f (ay, a), 
the exponent «; being equal to the number of the values 

Fi(£1, %2), F}(%2, x1), 


of the unsymmetric function Fi, and consequently being = 2; so that the radical a, must be 
a square root, and must have two values differing in sign, which may be thus expressed: 


+a; = F(t, t2), — 0, =F (Xp, 2). 

But, in general, whatever rational function may be denoted by F, the quotients 

F (x1, £2) + F (x2, £1) bini F (a1, £2) — F (£2, £1) 

2 2(x1 — Tə) 
are some symmetric functions, a and b; so that we may put generally 
F(x, %_)=a+6(%,—2%_), F(x, x1) =a—b(x, — Xp); 
therefore, since we have, at present, 
Filta, 21) = — Fy(x,, t2), 
the function Fi must be of the form 
F(a, £2) =b(x,— 2X2), 
the multiplier b being symmetric. At the same time, 
a, = b(x, — tə), 
and therefore the function f, is of the form 
fi(@y, 4g) = ay? = b?(x, — x3)? = b? (a] — 4a), 

so that the radical a; may be thus expressed, 


ay 7: vb7(az — 4a), 


in which, b is some rational function of the coefficients a,, a,. No other radical a, of the first 
order can enter into the sought irreducible expression for x; because the same reasoning would 
show that any such new radical ought to be reducible to the form 


c 
az = C(% — Wy) = Š ay, 


c being some new symmetric function of the roots, and consequently some new rational function 
of the coefficients; so that, after calculating the radical aj, it would be unnecessary to effect any 
new extraction of prime roots for the purpose of calculating a3, which latter radical would 
therefore be superfluous. Nor can any radical aj of higher order enter, because such radical 
would have 2a; values, æi being greater than 1, while any rational function F}, of two arbitrary 
quantities 7,,x,, can receive only two values, through any changes of their arrangement. The 
exponent m, of the order of the sought irreducible function b™, must therefore be = 1, and this 
function itself must be of the form Vsti eta 
0 has i 


b, and b, being rational functions of a,, a, or symmetric functions of the two roots x4, 2, which 
roots must admit of being separately expressed as follows: 


, l 
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if any expression of the sought kind can be found for either of them. It is, therefore, necessary and 
sufficient for the existence of such an expression, that the two following quantities, 

_TıitTz _Tı— Tz 

E 2 ? a led 2 ai ? 


bo 


should admit of being expressed as rational functions of a,, a,; and this condition is satisfied, 
since the foregoing relations give 
ppc Bee 
E Sa BaD, 
We find, therefore, as the sought irrational and irreducible expression, and as the only 
possible expression of that kind, (or at least as one with which all others must essentially 


coincide,) for a root x of the general quadratic, the following: 
Dh oer 5 | 1 wean } 
E we (a? — 4a,); 


b still denoting any arbitrary rational function of the two arbitrary coefficients a,, a,, or any 
numerical constant, (such as the number $, which was the value of this quantity b in the 
formulae of the preceding articles,) and the two separate roots %4, 22, being obtained by taking 
separately the two signs of the radical. And this we see à priori, that every method, for calcu- 
lating a root x of the general quadratic equation as a function of the two coefficients, by any 
finite number of additions, subtractions, multiplications, divisions, elevations to powers, and 
extractions of prime radicals, (these last extractions being supposed to be reduced to the 
smallest possible number,) must involve the extraction of some one square-root of the form 


ay oa Vö? (a$ Pi 4a), 


and must not involve the extraction of any other radical. But this square-root a; is not 
essentially distinct from that which is usually assigned for the solution of the general quadratic: 
it is therefore impossible to discover any new irrational expression, finite and irreducible, for 
a root of that general quadratic, essentially distinct from the expressions which have long been 
. known: and the only possible difference between the extractions of radicals which are required 
in any two methods of solution, if neither method require any superfluous extraction, is that 
these methods may introduce different square factors into the expressions of that quantity or 
function f,, of which, in each, the square root a; is to be calculated. 


[14]. Proceeding to the general cubic, 
L? +U L? +A t+ a= À, 
we know, first, that the three coefficients are symmetric functions of the three roots, 
az= — (£1 +2 + 23), Az=X1 Lz +E Eg + Lztz, Ag= — Lı Ta Tz, 


so that we cannot express any one of these three arbitrary roots x4, 72, x3, as a rational function 
b of the three coefficients a4, a), az; we must therefore inquire whether it can be expressed as 
an irrational function b™, involving at least one radical a; of the first order, which is to satisfy 
the two conditions, ii? 
a” = fi(®;, l, as), 
and aj = Fy (1,22, £3); 


the functions f, and F; being rational, and the prime exponent a; being either 2 or 3, because 
it is to be equal to the number of values of the rational function F}, obtained by changing in 
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all possible ways the arrangement of the three roots x, £2, £g, and therefore must be a divisor 
of the product 1.2.3=6. 

Now by the properties of rational functions of three variables, (of which an investigation 
shall soon be given, but which it is convenient merely to enunciate here, that the course of 
the main argument may not be too much interrupted,) no three-valued function of three 
arbitrary quantities x,, £o, 73, can have a symmetric cube; and the only two-valued functions, 
which have symmetric squares, are of the form 


B(a1 — X2) (L1 — L3) (La — X3), 
b being a symmetric but otherwise arbitrary multiplier. We must therefore suppose, that the 
radical a; is a square-root, and that it may be thus expressed: 


ai = P(X, Lo, 23) = (X, — L3) (L1 — L3) (La — X3) 
= y {b?(x1 — £2)? (£1 — £3)? (£2 — 5) 
= ,/{b?(a?a3— 4a3 a, — 4a3+ 184; aag — 27a2)} 
= V — 108b?(c}— cå), 
b being here rational with respect to a4, do, dg, as also are c, and ca, which last have the same 
meanings here as in the second article; so that the function f, is of the form, 
filar, a2, 4g) = — 108b?(c} — c3). 


No other radical of the first order, aj, can enter into the sought irreducible expression b; 
because the same reasoning would give 


r c + 

Ag = C(L — La) (L1 — L3) (La — ag) = 5 
c being rational with respect to a4, a, a3, so that the radical a, would be superfluous. On the 
other hand, no expression of the form b) +6,a/, can represent the three-valued function x; we 


must therefore suppose that if the sought expression 6™ exist at all, it is, at lowest, of the 
second order, and involves at least one radical a7, such that 


ay" =(fi=)b tbm, 
and di = Fi (21, to, Xs); 


the rational function Fi admitting of 2a{ values, and consequently the exponent aj being = 3, 
(since it cannot be = 2, because no function of three variables has exactly four values,) so that 
we must suppose the radical aï to be a cube-root, of the form 


ay = V bo +b, 4%, 
b, and b, being rational with respect to a4, as, a3. But in order that a six-valued rational func- 
tion Fj, of three arbitrary quantities x,, £a, x,, should have a two-valued cube, it must be of 
the sorei F(X, to, £3) = (Po + P101) (1 +P3 £a + P33); 


in which p and p, are symmetric, aj has the form recently assigned, and pz is a root of the 
numerical equation P +pa+1=0; 


we must therefore suppose that 
ai = (Po + P101) (21 + P382 + Ps Xs), 


+ + a 
and bo +6,a,= Tp + piai) |e, + stot- Po) a, 
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c, retaining here its recent meaning; so that the radical aj may be considered as the cube-root 
of this last expression. If any other radical a, of the second order could enter into the composi- 
tion of b™, it ought, for the same reasons, to be either of the form 


da = (Jo +9101) (% +P3 La + P3 %3), 
or else of the form az= (qdo + 91%) (£1 + P322 + P313), 


ps being here the same root of the numerical equation p} + p3 + 1 =0, as in the expression for aj; 
we should therefore have either the relation 

az= PELA gf, 

Pot Pı 

a’ = 9¢2(P9 + P141) (Jo +9141) 


or else the relation a 
1 


? 


C retaining its recent meaning; so that in each case it would be superfluous to perform any new 
extraction of a cube-root or other radical in order to calculate a3, after aj and aj had been calcu- 
lated; and consequently no such other radical a, of the second order can enter into the composi- 
tion of the irreducible function b., If then that function be itself of the second order, it must 
be capable of being put under the form 


b” =b +b, a, +6, a;?, 
bo, bi» ba, being functions of the forms 
bo = (bo)o + (B0)1%1, b1= (bi)o + (01144, b3= (b2)9 + (05)1 41, 
in which the radicals a; and aj have the forms lately found, and (bọ)o; ---, (b3); are rational 
functions of d4, d2, @3. And on the same supposition, the three roots £1, £o, %3, of that equation 
must, in some arrangement or other, be represented by the three expressions, 
T, =b0 =b +b10; +b201°, £g=b1 =b +p3b10i +p3b301°, w,=b,=b)+ 3b) a; + psb,a;?, 
ps retaining here its recent value: which expressions reciprocally will be true, if the following 
, relations, 
b= F(z ttp +T), Diat=F(Ly+PztptPs@y), bza? =}(La +P g +PZ), 
can be made to hold good, by any suitable arrangement of the roots x,, xg, x,, and by any 
suitable selection of those rational functions of d4, Qə, a,, which have hitherto been left 
_ undetermined. Now, for this purpose it is necessary and sufficient that the arrangement of 
the roots x,, £g, ,, should coincide with one or other of the three following arrangements, 
namely 21, Xj, Ly, OF Lo, Lg, Ly, OF Lg, Ly, Xz; the value of 3bi(Po + p141) being, in the first case, 
unity; in the second case, p3; and, in the third case, p3; while, in every case, the value of 6; is 


to be = * and that of b;b3(by) + b141) is to be ca. All these suppositions are compatible with the 


conditions assigned before; nor is there any essential difference between the three cases of 
arrangement just now mentioned, since the passage from any one to any other may be made 
(as we have seen) by merely multiplying the coefficient bi, which admits of an arbitrary 
multiplier, by an imaginary cube-root of unity. We have, therefore, the following irrational 
and irreducible expression for the root x of the general cubic, as a function of the second order, 


— ay, ai S 3co(Po + P141) 


2=b" = - a 
3 3(Po + P141) ay 


> 
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in which it is to be remembered that 


n + ai 
ay? = 27 (py + p101)? fe + 7'5(03 — Pp) a) , 


and that ai? = — 108b(c? — c3); 
c, and c, having the determined values above referred to, namely 
c= — Fy (2a?-9a,a,+27a5), cyo=4(a?—3a,), 


and p, being an imaginary cube-root of unity, but b and po, pı, being any arbitrary rational 
functions of a1, as, az, or even any arbitrary numeric constants; except that b must be different 
from 0, and that Po, Pı must not both together vanish. (In the formulae of the earlier articles 
of this essay, these three last quantities had the following particular values, 


b=75(0§—Ps), Po=4, Pi =.) 


By substituting for the cubic radical aj the three unequal values aj, p,a1, p3aj, in the general 
expression, just now found, for x, we obtain separate and unequal expressions for the three 
separate roots 2, Xa, Xz; these roots, and every rational function of them, may consequently 
be expressed as rational functions of the two radicals a; and aj; and therefore it is unnecessary 
and improper, in the present research, to introduce any other radical. But these two radicals 
a, and aj are not essentially distinct from those which enter into the usual formulae for the 
solution of a cubic equation: it is therefore impossible to discover any new irrational expression, 
finite and irreducible, for a root of the general cubic, essentially distinct from those which have 
long been known; and the only possible difference, with respect to the extracting of radicals, 
between any two methods of solution which both are free from all superfluous extractions, 
consists in the introduction of different square factors into that quantity or function f}, of 
which, in each, the square root a; is to be calculated; or in the introduction of different cubic 
factors into that other quantity or function fi, of which, in each method, it is requisite to 
calculate the cube-root aj. It is proper, however, to remember the remarks which have been 
made, in a foregoing article, respecting the reducibility of a certain expression, involving two 
cubic radicals aj and a3, which is not uncommonly assigned for a root of the cubic equation. 

[15]. But it is necessary to demonstrate some properties of rational functions of three 
variables, which have been employed in the foregoing investigation. And because it will be 
necessary to investigate afterwards some analogous properties of functions of four and five 
arbitrary quantities, it may be conducive to clearness and uniformity that we should begin 
with a few remarks respecting functions which involve two variables only. 

Let F(x,, xz) denote any arbitrary rational function of two arbitrary quantities x, x2, 
arranged in either of their only two possible arrangements; so that the function F admits of 
the two following values Pied and) eiei, 


which for conciseness may be thus denoted, 
(1,2) and (2,1). 


These different values of the proposed function F may also be considered as being themselves 
two different functions of the same two quantities x, x, taken in some determined order; and 
may, in this view, be denoted thus, 


Fi(%1,%_) and F,(2x,,%5), 
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or, more concisely, (1,2), and (1,2),: 
they may also, on account of the mode in which they are formed from one common type 
F(x,,%), be said to be syntypical functions. For example, the two values, 
ax, + bx, = (1, 2) = F (x1, £2) = F (2, £2) = (1, 2),, 
and AX, + bx, = (2,1) =F (xq, 21) = kalti Xe) = (1, 2) 
of the function axz,+6x,, may be considered as being two different but iinet functions 


of the two variables x, and x, And again, in the same sense, the functions 1 and vè are 
syntypical. “a 71 

Now although, in general, two such syntypical functions, F, and Fy, are unconnected by any 
relation among themselves, on account of the independence of the two arbitrary quantities 
x, and xs; yet, for some particular forms of the original or typical function F} they may become 
connected by some such relation, without any restriction being thereby imposed on those two 
arbitrary quantities. But all such relations may easily be investigated, with the help of the 
two general forms obtained in the thirteenth article, namely, 

F,=a+0(%,—2,), F, ,=a—b(xti— z), 

in which a and b are symmetric. For example, we see from these forms that the two syntypical 
functions F} and F, become equal, when they reduce themselves to the symmetric term or 
function a, but not in any other case; and that their squares are equal without their being 
equal themselves, if they are of the forms + b(x,—2,), but not otherwise. We see, too, that we 
cannot suppose f,=p,/,, without making a and b both vanish; and therefore that two 
syntypical functions of two arbitrary quantities cannot have equal cubes, if they be themselves 
unequal. 


[16]. After these preliminary remarks Joinain functions of two variables, let us now 
pass to functions of three; and accordingly let F(x,,%,,%,), or more concisely (a, 8, y), denote 
any arbitrary rational function of any three arbitrary and independent quantities x,, £a, x3, 
arranged in any arbitrary order. It is clear that this function F has in general six different 
values, namely, (1,2,3), (2,3,1), (3,1,2), (2,1,3), (3,2,1), (1,3, 2), 
or, in a more developed notation, 

PG, Bq; bah a AES Mas Meds 
corresponding to the six different possible arrangements of the three quantities on which it is 
_ supposed to depend; and that these six values of the function F may also be considered as six 
different but syntypical functions of the same three arbitrary quantities £4, £a, x3, taken in some 
determined order; which functions may be thus denoted, 


F (£1, £o, £3), ..., F(x, La, La), 
or, more concisely, (2,3) -e (E23) 
For example, the six following values, 
ax, + bx, + cx, = (1, 2,3)= F (£1, £2, £3), 
AX, + brs + cx, = (2, 3, 1) =F (£2, £3, £1), 
AX, + bti Foxa = (3, L, 2) = F(®z; X1, £a), 
AX, + bx, tet = (2, 1, 3)=F (£z; t1 £3), 
AX, + bx, Hex = (3, 2,1) = F (£3, ta %1), 
ax, + bx, + x= (1,3, 2) = F(x, £3, £2), 
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of the original or typical function 

AX, + bay + chy =F (2a, 2p, 27), 
may be considered as being six syntypical functions, F}, Fp, F}, F}, F,, Fp, of the three quantities 
£i, o, Xz. Such also are the six following, 


vy To T3 Ta T3 tı 
—+%g3, —+Xy, —+%, —+%3, —+X, —+2%p, 
Ta T3 vy Tı Ta T3 


which are the values of the function 5 +2, 


Now, in general, six such syntypical functions of three arbitrary quantities are all unequal 
among themselves; nor can any ratio or other relation between them be assigned, (except 
that very relation which constitutes them syntypical,) so long as the form of the function F, 
although it has been supposed to be rational, remains otherwise entirely undetermined. But, 
for some particular forms of this original or typical function F(x,,%,,%,), relations may arise 
between the six syntypical functions F}, ..., 4%, without any restriction being thereby imposed 
on the three arbitrary quantities z4, %2, %3; for example, the function F may be partially or 
wholly symmetric, and then the functions F}, ..., Fẹ will, some or all, be equal. And we are 
now to study the chief functional conditions, under which relations of this kind can arise. More 
precisely, we are to examine what are the conditions under which the number of the values of 
a rational function F of three variables, or of the square or cube of that function, can reduce 
itself below the number six, in consequence of two or more of the six syntypical functions 
F,,...,.%, or of their squares or cubes, which are themselves syntypical, becoming equal to 
each other. And for this purpose we must first inquire into the conditions requisite in order 
that any two syntypical functions, or that any two values of F, may be equal. 


[17]. If any two such values be denoted by the symbols 
F(x 


ap pp t and F(a Egy Ly)» 


wads 
or, more concisely, by the following, 
(4,211) and (a, fa Y2), 

it is clear that in passing from the one to the other, and therefore in passing from some one 
arrangement to some other of the three indices «, £, y, (which must themselves coincide, in 
some arrangement or other, with the numbers 1, 2, 3,) we must have changed some index, 
such as «, to some other, such as £, which must also have been changed, itself, either to « or 
to y; this latter index y remaining in the first case unaltered, but being changed to « in the 
second case. And, in whatever order the indices «,, f1, Yı may have coincided with a, 2, y, it 


is obvious that the function 
F (£a, Ep ty 2 or (,, Ai, Yı) 


must coincide with the syntypical function 
F(x, Xp, Ty) or (a, ß, Ves 
for some suitable index 7, belonging to the system 1, 2, 3, 4, 5, 6; the equation 
(2%; P1 Y1) = (2; Ba» Y2) 
is therefore equivalent to one or other of the two following, namely, either 
» (4,8,Y):=(B,%, V)is 
or 2nd,... (4,2, Y) =(P: YA): 
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In the first case, the function F; is symmetric with respect to the two quantities x,, x,, and 
therefore involves them only by involving their sum and product, which may be thus 


expressed, 


= A 2 
La tEg=-— Ey, LyzLg=Agt+ UT, + Ty» 


a, and a, being symmetric functions of the three quantities x, £2, Zz, namely, the following, 
Ay= — (1+ tat t3), Ag=XyXe+%Xet+XyXq; 
so that if we put, for abridgment, Gg E Xe%os 
the three quantities x4, x,, x, will be the three roots of the cubic equation 
x3 +a L? +a t +a =O. 


In this case, therefore, we may consider F; as being a rational function of the root x, alone, 
which function will however involve, in general, the coefficients a, and a,; and we may put 


F(x; Tp Ly) BET SITE IG TIOE T F E TENATA do 


$, x, and y denoting here some rational and whole functions of x,, which may however involve 

rationally the coefficients of the foregoing cubic equation. And since it is unnecessary, on 

account of that equation, to retain in evidence the cube or any higher powers of x,, we may 

write simply Pq, % p,%,) =a-+ba, +002, 

a, b, c being here symmetric functions of the three quantities x,, £, x3: so that, in this case, the 

six syntypical functions, or values of the function F, reduce themselves to the three following 
a+ba,+cx?, a+bx,+cx?, a+bx,+ca. 


Nor can these three reduce themselves to any smaller number, without their all becoming 
equal and symmetric, by the vanishing of b and c. 
In the second case, the form of F, being such that 


(a, Ê. Vi ma (£, Y, a); 


it must also be such that EY hk = Y a B);; 
for the same reason we must have ! 


($, æ, Yh = (&, Y, =i = (Y: B, A)i 


so that the function changes when any two of the three indices are interchanged, but returns 
to its former value when any two are interchanged again; from which it results that the two 
following combinations 


(x, f,y);+(2,%,y); and (BY) (bY) 


(x, ie Xp) (x, im Ly) (£ aM ty) 


remain unchanged, after all interchanges of the indices, and are therefore symmetric functions, 
such as 2a and 2b, of the three quantities x4, £a, x: so that we may write 


F(a X p> Ly) =a. (a, B, V)i =a+ B(x, A Xp) (ty zy Ly) (£ oe Ly); 


and consequently the six syntypica! functions, or values of the function F, reduce themselves 
in this case to the two following, 


a + (x — T2) (£1 — £3) (La — £3), 
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in which a and 6 are symmetric. It is evident that any farther diminution of the number of 

values of F, conducts, in this case also, to the one-valued or symmetric function a. 
Combining the foregoing results, we see that if an unsymmetric rational function of three 

arbitrary quantities have fewer than six values, it must be reducible either to the two-valued 


form a+ b(%— Xa) (£1 — T3) (La — T3), 


or to the three-valued form a+ba+ca?. 


[18]. It is possible, however, that some analogous but different reduction may cause 
either—I. the square, or II. the cube of a function F of three variables, to have a smaller 
number of values than the function F itself. But, for this purpose, it is necessary that we 
should now have a relation of one or other of the two forms following, namely, either 


I. ... (222 Ya) = — (1, b1 Y1) 
or TI. ... (£o, Bo, Y2) =P3(%1, f1: Y1)» 


(p denoting, as above, an imaginary cube root of unity,) instead of the old functional relation 
(a, Bo, Y2) = (Q11 Y1). And as we found ourselves permitted, before, to change that old 
relation to one or other of these two, 


Ist, ( (2, æ, Yii = (p, Y); 2nd, ($: Y: a)=(&, P, Yli; 


so are we now allowed to change the two new relations to the four following: 
l,... (2, æ, y) = A (a, f, Va I. 2, n.. (2, Y 0); = y7 (æ, P: Y); 


II. Ly ho e AA y= plas BiVje If. 2,... (8, Y, &);=P(@, 8, Y); 


the relation (I.) admitting of being changed to one or other of the two marked (I. 1) and (I. 2); 
and the relation (II.) admitting, in like manner, of being changed either to (II. 1) or to (II. 2). 
But the relations (I. 2) and (II. 1) conduct only to evanescent functions, because (I. 2) gives 


(y.a, fh = —(f, Y» aj;= +(a, Ê, Ves (a, B, Ve =- (y, a, pi iad ver (a, 8, Ves 
and (II. 1) gives (æ, P, Y):=P3(P.%, Yh =P p, Y: 


we may therefore confine our attention to the other two relations. Of these, (I. 1) requires 


that the function aa, should not change its value when x, and x p are interchanged, and 
Aha 
consequently, by what was shown above, that it should be reducible to the form a+ bx, + cx}; 


in this case, therefore, we have the expression, 
a, B, Ve= F,(@q. Tp, Ly) = (La — xp) (a+bz, + cx} vy) 


the coefficients a, b, c, bar symmetric functions of x,, x, x,. Accordingly the square of this 
function F, admits in general of three values only, while the function is itself in general six- 
valued; because the square of the factor x,—2,, but not that factor itself, can be expressed 
as a rational function of Ty and of the quantities a4, a, a3, which are symmetric relatively to 
Zis Vy, Lz. It may even happen that the function itself shall have only two values, and that its 
square shall be symmetric, namely, by the factor a+bz,+ca}, being reducible to the form 
b(%_—%,)(%g—2y), in which the coefficient b is some new symmetric function; but the results 
of the last article enable us to see that the functions thus obtained, namely, those of the form 


B(x, TA £e) (x, ti £y) (£s i Ly); 
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or more simply of the form b(a, — £3) (X1 — %5) (La — £3), 

are the only two-valued functions of three variables which have symmetric squares: they 
enable us also to see easily that the square of a three-valued function of three variables is 
always itself three-valued. It remains, then, only to consider the relations (II.2); which 
requires that the function PEIE 


vy + P3Xpt+ Pst, 


should be of the two-valued form a+ (a, —2,) (%,—%,) (%z—%,); because, if we denote it by 
(Las Tp, £), we have 


Plta, Tps £y) > P(X, Ly» ty) = (ty, Tas Tp)» 
and (tp, Lys Cy) = Q(T, Ty» Xp) = Q(X Tp, Ta); 
we have, therefore, in this case, 
(a, P, Y) = Filas Ep, ty) = {a+ O(@, — Cp) (Ea — Ly) (Ep — Ly)} (La P3 Lg + P32), 

a and b being symmetric coefficients, which must not both together vanish; and accordingly 
we find, à posteriori, that whereas this function F, has always itself six values, its cube has only 
two. The foregoing analysis shows at the same time, that if an unsymmetric function of three 
variables have fewer than six values, its cube cannot have fewer values than itself; and 
accordingly it is easy to see that the cubes of those two-valued and three-valued functions, 
which were assigned in the last article, are themselves two-valued and three-valued. In fact, 
the passage from any one to any other of the values of any such (two-valued or three-valued) 
function, may be performed by interchanging some two of the three quantities 7, £o, %3; and 
if such interchange could have the effect of multiplying the function by an imaginary cube-root 
of unity, pz, another interchange of the same two quantities would multiply again by the same 
factor p3; and therefore these two interchanges combined would multiply by p3, which is 
a factor different from unity, although any two such successive interchanges of any two 
quantities x,,z,, ought to make no change in the function. If, then, a rational function of three 
arbitrary quantities have a symmetric cube, it must be itself symmetric. 

The form of that six-valued function of three variables which has a two-valued cube, may 
also be thus deduced, from the functional relation (II. 2). Omitting for simplicity, the lower 
index 7, which is not essential to the reasoning, we find, by that relation, 


(B,y,%)=p3(%,B,Y); (y,0,8)=p3(, p, Y); 
| (y,B,&) =p 3(«, y, f); (8, a, 7) =æ, yp); 
so that (a, B,y).(«,y,B)=(8,y,%) (2%, y)=(y,«, P) (Y, 8, a) =e, 


this product e being some symmetric function; at the same time, the sum (a, £, y) + (æ, y, £) is 
a three-valued function y,, which may be put under the form 


Y, = a+ bu, +022, 


a, b, and c being symmetric, and b and c being obliged not both to vanish. Attending therefore 
to that cubic equation of which x,, x,;, and x, are the roots, we have 


y2 = a® -+ ox -= ec) ee. 


a®, b2, and c® denoting here some symmetric functions, and c, c® being obliged not both to 
vanish; and consequently, by eliminating x2, we obtain an equation of the form 


(be? — cb) x, = ca —ac®y, —cy?, 


35 Š H&l 
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in which the coefficients of y, and y? cannot both vanish, and in which therefore the coefficient 
of x, cannot vanish, because the three-valued function y, must not be a root of any equation 
with symmetric coefficients, below the third degree; we have therefore an expression of the 
form 
%y=P+WYat"Yas 


in which, p, q, r are symmetric, and q and r do not both vanish. But 


e 
a \&, , + (a, , =(a,/p, bP sarang Tet 
yam (a h 7) + (4, ¥,B)=(% B+ 
and the cube of (a, p, y) is a two-valued function; therefore 


=p +q'(a, Ê, PA B r'(a, Ê, y}, 
the functions p’, q’, r’ being either symmetric or two-valued, and consequently undergoing no 
change, when we pass successively from the first to the second, or from the second to the third, 
of the three functions (a, P, Y), ($, Y, &), (Y, æ, P), by changing at each passage, x, to £p, x, to x, 
and x, to z,; and we have seen that these three last-mentioned functions bear to each other 
the same ratios as the three cube-roots of unity, 1, p3, p3; we have therefore 


tp=p' +g Pala, P, Y) +r Pla fy), =p +g 3l, BY) +r Pala, py); 
and thus, finally, the six-valued function which has a two-valued cube is found anew to be 


expressible as follows, 1 
E 2 . 
(a, Ê, y) TA 3q (vy + p3tpt Psv,); 


in which the coefficient z is a two-valued function, of the form 
l 
3g =Q + b(% — XQ) (L1 — T3) (La — T3), 


a, b, denoting here some new symmetric functions. 

The theorems obtained incidentally in this last discussion supply us also with another mode 
of proving that the cube of a three-valued function of three arbitrary quantities must be itself 
three-valued: for if we should suppose y,=/3y,, and consequently y, =p3y,=/3Yq,; in which 
Y= a+ bx, +cx2, and b and c do not both vanish, we should then have relations of the forms 


Ea =P+WYatVYa, Ce=P+WsYat%PZyYe, Ly =P +IP3Ya +TP3Yz; 
but these would require that we should have the equation 
Ta +P3Tg +HP3ty E 3q -Ya 


a condition which it is impossible to fulfil, because the first member has six values, and the 
second only three. 


[19]. The discussion of the forms of functions of four variables may now be conducted more 
briefly, than would have been consistent with clearness, if we had not already treated so fully 
of functions in which the number of the variables is less than four. 

Let 21, %, %3, X4 be any four arbitrary quantities, or roots of the general biquadratic, 

v*+a, 22 +a? +a t+ a= O; 


and let F(x, £o, %3, £4), or, more concisely, (1,2,3,4), denote any rational function of them. 
By altering the arrangement of these four roots, we shall in general obtain twenty-four different 
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but syntypical functions; of which each, according to the analogy of the foregoing notation, 
may be denoted by any one of the four following symbols: 
(æ, P, Y, 8) =F (£u, Tp Ty» x)= (1, 2, 3, 4); = F,(X1, 2, La, Xa). 


In passing from any one to any other of these twenty-four syntypical functions F}, ..., Foa, by 
a change of arrangement of the four roots, some one of these roots, such as the first in order, 
must be changed to some other, such as the second; and this second must at the same time be 
changed either to the first or to a different root, such as the third; while, in the former case, the 
third and fourth roots may either be interchanged among themselves or not; and, in the latter 
case, the third root may be changed either to the first or to the fourth. We have therefore four 
and only four distinct sorts of changes of arrangement, which may be typified by the passages 
from the function (æ, £, y, ô) to the four following: 


TA g eGo e A ao) E beara, O a LV sve (ay); 
and may be denoted by the four characteristics 
Way Maia eV as 
a,b a,b a,b,c a,b,€ 


or more fully by the following, Vao Vian teva it) Mass 


a,b 

V, implying, when prefixed to any function (a, £, y, 6), that we are to interchange the a and bt® 
a,b 

of the roots on which it depends; V,, that we are to interchange among themselves, not only 


a,b,c 
the at? and btt, but also the ct and dt; V, , that we are to change the a‘ to the btt, the bt® to 
he ctt, and the ct? to the att; namely, by putting that which had been b* in the place of that 


a,b,c . 
which had been att, and so on; and finally V, , that the a‘ is to be changed to the btt, the btt 


to the ct», the ct! to the dt?, and the d™ to the a: so that we have, in this notation, 


1,2 
I. .3. V, (a, 8, ¥,38)=(8,. 0,7; 8); 


1,2 

If. eee V.(a, 8, y,6)=(8, a, 6,7); 
1, 2,3 

TEE eee V3 (a, B, y,d)=(B, y,a, 98); 


1, 2,3 

IV. ... Vy (a, 8,y,6)=(8, y, 6, a). 
The first sort of change may be called, altering in a simple binary cycle; the second, in a double 
binary cycle; the third, in a ternary; and the fourth, in a quaternary cycle. And every possible 


ost ean: (2, Ba, Yo» 2) = (% Ay, Yı: 64); 
between any two of the twenty-four syntypical functions F,, may be denoted by one or other 
of the four following symbolic forms, in each of which the two members may be conceived to 
be prefixed to a function such as («,, f1; 71,3): 

a,b a,b a,b,c a,b,c 

E Meader Ve b Ee Vae a ER E Meters V t Wie Be 
or, without any loss of generality, by one of the four following, in each of which the two members 
are conceived to be prefixed to a function such as (æ, f, y, ô);: 
1,2 1,2,3 1, 2,3 


: 1,2 
I. eee V,=1; Eke, V,=1; AET Sopa Vs sels TV. eee Va eels 
i 35-2 
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the It and II” suppositions conducting to twelve-valued functions, the III" to an eight- 
valued, and the IV" to a six-valued function; while every possible pair of equations between 
any three of the same twenty-four syntypical functions, if it be not included in a single equation 
of this last set, may be put under one or other of the six following forms: 


152 1,3 1,2 3,4 
(Elem s S E T (Lid ole E N T 
1,2 1,3 1,2 2,3,4 
(LL) aN. da NA (ITIL) a Vaeed,.. e =: 
‘ 1,2 1,3 13 1, 2,3 
ATRAEN 2.2 Ven, VS (IL. TIT.) |. V,=1," V,: 21; 


which conduct respectively to functions with four, six, three, one, six, and two values; nor 
can any form of condition, essentially distinct from all the ten last mentioned, be obtained by 
supposing any three or more equations to exist between the twenty-four functions F,. 

A little attention will not fail to evince the justice of this enumeration of the conditions 
under which a rational function of four arbitrary variables can have fewer than twenty-four 
values: yet it may not be useless to remark, as connected with this inquiry, that, in virtue of 


a,b b,a 
the notation here employed, the supposition V,=1 heats the supposition V,=1; the 


a,b b,a ' Gàd a,b,c È b,c, a@ 
supposition V,=1 involves the AE V,=1, V,=1, vc 1; V,'=1 involves V, =1, 
C, a,b a, c,b c,b,a b,a,¢ b,c,d c d, a d,a,b a,c a, d,c 


V, =1, V; =1, Vs =1, V; =1; ‘i POROTA Va =1, V, =1, V, =1,V,=1, i =1, 
d,c,b c, b,a b,a 
V,=1) TOE a A =1; while the system vi i yu l is p aln pa the Ay dace vi ii 


c,d a,b a,b,e a,b a,c a.b a,b,c a, c, b 
Vig ala slaty ats bs aloe at tists V, =1, On Weal Vor V, =1, 
Wy ae b,c,d a,b,c a,b,c 


a, 
Q, b,c A a,b,c 
V, =1, to ot =i, a and fs =I, o =1, to Vee]: Ve oe equivalences 


also holding good for other systems of analogous conditions. 
Let us now consider more closely the effects of the ten different suppositions (I.), ... (II. III.). 
In the case (I.), the function F is symmetric relatively to some two roots x,, xs, and may be 
put under the form of a rational function of the two others, Ty, Xs, or simply of their difference, 
(I.)... F= (xz, —2,); 
it being understood that this function ¢ may involve the coefficients @,, dy, ag, @4, which are 
symmetric relatively to 21, £o, %3, 24: because it is in general possible to determine rationally 
any two roots x,, x, of an equation of any given degree, when their difference, x, — zx, is given. 
In the case (II.), we may interchange some two roots, 2, £p, if we at the same time inter- 
change the two others; and the function may be put under the form 


(II.)... F=G(u,+%,—Ly—%X3, Ly— Lp, Ty— Ta); 

because any rational function of the four roots may be considered as a rational function of the 
four combinations atip y-t y+, Lyp, 
or of the four following, 

UytUgt Ly tHig LytXg—Ly—Xy, Ly—Xy, Ca — bp. Eys; 
of which the first may be omitted, as symmetric, and the third as being here obliged to enter 
only by its square, which square (x, — x,)is expressible as a rational function of La +Lg—Ly— Xp, 
involving also the symmetric coefficients a4, aj, d3, which are allowed to enter in any manner 
into ¢. 
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In the case (III.), some three roots, x,, Lp, Cy, MAY all be interchanged, the fourth root 
remaining unaltered; and, on account of what has been shown respecting functions of three 
variables, we may write 


(IIL)... P= G (2s) + (8a — 2p) (Ea — £y) (Gp —y) Wl), 
the function y (as well as ¢) being rational. 
In the case (IV.), we may change x, to x,, if we at the same time change x, to £, x, to £a, 
and x; to x,; and the function F is of the form 


(IV.)... F=(t,—%y+%y — tg Lu — Ly .Lyg— T); 
1,2,3 1,3 
because the condition V, = 1 involves the condition V,=1, and consequently the present 
function F must be rational relatively to the two combinations 
Ly+Ly—Le—Xy and X,—2X,.%_e—Xs; 


or relatively to the two following, 


%y—LptX,—x, and Ly — Lpt Ly — Lp .Ly—Ly.Ly— Xp; 
but of these two last-mentioned combinations, the former alone changes, and it changes in its 
sign alone, when the operation K performed, so that it can enter only by its square; which 
square (£y — Lg +8,— xs)? can be expressed as a rational function of the product 
(Ea — Eg +H Ly — Tg) (Ea — Ly) (Lg — L), 


and of those symmetric coefficients which may enter in any manner into ¢. 
By similar reasonings it appears, that in the six other cases, (I.I.)... (II. I1I.), we have, 
respectively, the six following forms for F: 


(I.1.)... F= (x5) =a+ bars + ca} + da}; 
(I.1.)’... P= (a, +%,—2%,—25); 
(I. IL.) ... P= P(t, %p+X, Xs) =a +b p+ Ly Xs) + (UV, Xp +L, Xz)*; 
(DEn ES: 
(LE) .2 F =$(%,—%5.",—2;); 
(IL. II.) ... P=a+ (x, — Xp) (La — Ly) (La — Xp) (Eg — Ly) (Wp — Xp) (Ly — £3). 


To one or other of the ten forms last determined, may therefore be reduced every rational 
function of four arbitrary quantities, which has fewer than twenty-four values. And although 
the functions (I.I).’ and (II. II.) are six-valued, as well as the function (IV.), yet these three 
functions are all in general distinct from one another; the function (IV.) being one which does 
not change its value, when the four roots 2,, x p> Cy, Lz are all changed in some one quaternary 
cycle, but the function (I. 1.)’ being one which allows either or both of some two pairs x,, x£ and 
x, X; to have its two roots interchanged, and the function (II. II.) being characterized by its 
allowing any two roots to be interchanged, if the two other roots be interchanged at the same 
time. It may be useful also to observe, that the three-valued function (I. II.) belongs, as 
a particular case, to each of these three six-valued forms, and may easily be deduced from the 
form (I.I.)’, as follows: 


P= Yla + Xg—Xy— Xp) = Y (Ly HE — Ea — Lp) =X(Xqy+Xp— Ly — Xs) =P(Ly Hp tL). 
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Attending next to conditions of the forms 


V = = 1 > V = P3> 
instead of attending only to conditions of the form 
V=1, 


we discover the forms which a rational function of four arbitrary variables must have, in order 
that its square or cube may have fewer values than itself; which functional forms are the 
following: 

The general twenty-four-valued function F will have its square twelve-valued, if it be either 


of the form F=(z,— xp). p£, — zs), 
or of this other form 
F=(x,— 2p). Y(t, tH Eg— Ey — Eg, La — Eg. Ly— Xp). 


The same general or twenty-four-valued function will have an eight-valued cube, if it be of 
TARTA P= {(2p) + (8u — 8p) (Eu — 27) (Ep — L) W(%5)} (Ea P3 Ep + PaXy)> 


ps being, as before, an imaginary cube-root of unity. The twelve-valued function (I.) will have 
a six-valued square, if it be reducible to the form ` 


F= (£, — x) . Y (Ea Eg — Ly — Xs). 
The twelve-valued function (II.) will have a six-valued square, if it be of the form 
F=(£ +g 2y — Ta) Yta — Lg- Ly — T), 


or of the form F = (x, — £p) (£y — 25). Y (Ea +Xp—Ly— T3), 


or of the form F=(x +88, — 2) Yla tHE Ly — Eg. La — Tp Ty — Tg). 
The eight-valued function (III.) will have its square four-valued, if it be of the form 
F= (x, —29) (8a — 2) (gay) Ys). 


The six-valued functions (IV.), (I. I.Y’, (II. II.), will have their squares three-valued, if they be 
reducible, respectively, to the forms, 


F=(£,— 2p + 2y — Ts) (La — Ly) (%p— Xs). W(X, Ly +X php), 
F=(x, +82, — T). YE Ep tyt), 
F= (£, — 2p) (2y — La). Y (Ea Lp + Lyti); 
and the last-mentioned six-valued function, (II. II.), will have its cube two-valued, if it be 
reducible to the form 


F= {a + d(x, Tap Xp) (£a PT Ly) (x, a a) (£s ae Ly) (£e oo Ta) (x, rar a5)} 
X {La Ep + LyX + PZX_Ly +L pX5) + Pg(X_ Xp +2p%,)}, 
pz being still an imaginary cube-root of unity. And the square of the two-valued function 
(II. IIT.) will be symmetric, if it be of the form 
F= (x, Ay, Xp) (£a vty Ly) (£ p 5) (£ a Ty) (£ EE 25) (x, a) Ta). 
But there exists no other case of reduction essentially distinct from these, in which the number 
of values of the square or cube of a rational function of four independent variables is less than 


the number of values of that function itself. Some steps, indeed, have been for brevity 
omitted, which would be requisite for the full statement of a formal demonstration of all the 
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foregoing theorems; but these omitted steps will easily occur to any one, who has considered 
with attention the investigation of the properties of rational functions of three variables, given 
in the two preceding articles. 


[20]. The foregoing theorems respecting functions of four variables being admitted, let us 
now proceed to apply them to the @ priori investigation of all possible expressions, finite and 
irreducible, of the form b™, for a root x of the general biquadratic equation already often 
referred to, namely, at + 4,23 + a,x? + dg2 +a, =0. 

It is evident in the first place that we cannot express any such root x as a rational function 
of the coefficients @,, a2, dg, Q4, because these are symmetric relatively to the four roots 21, Xp, 
£z, v4, and a symmetric function of four arbitrary and independent quantities cannot be equal 
to an unsymmetric function of them; we must therefore suppose that m in b™ is greater than 0, 
or, in other words, that the function b™ is irrational, with respect to the quantities d4, a, d3, M4, 
if any expression of the required kind can be found at all for x. On the other hand, the general 
theorem of Abel shows that if any such expression b™ exist, it must be composed of some 
finite combination of quadratic and cubic radicals, together with rational functions; because 
2 and 3 are the only prime divisors of the product 24= 1.2.3.4. And the first and only radical 
of the first order in &™, must be a square-root, of the form 


Ay = D(X, — La) (L1 — L3) (L1 — L4) (La — Xp) (La — L4) (Lg — L4) 
= y — 442368 .b2. (e2 — e8) = y — 214,33,02. (e? — e8), 


b being some symmetric function of £1, x2, x3, Z4, and e}, €z having the same meanings here as 
in the second article; because no rational and unsymmetric function of four arbitrary quantities 
Lis Ta, La, Ly has a prime power symmetric, except either this function aj, or else some other 
such as a, which may be deduced from it by a multiplication such as the following, a; =; 
But a two-valued expression of the form fi =b +6, a; cannot represent a four-valued function, 
such as x; we must therefore suppose that the sought expression b™ contains a radical aï of 
the second order, and this must be a cube-root, of the form 


ai = (Po + P181) (Uy + PZ Ug + Pg Ug) = ¥/ (bo +5143); 


in which, p; is, as before, an imaginary cube-root of unity; Po, P1» bo, 6, are symmetric relatively 
tO £4; Za, Lg, Xy, or rational relatively to a4, dy, dg, a4; 


+ 
ay. 


Uy = L1 La + g Tys Ug = L1 Tg HTa Ty, Ug = L1 L4 + TaT; 
a, 
and bo + by a{=1728(p9 + pai)? [e+ rds ( pio $), 


the rational function e,, and the radical q; retaining their recent meanings: because no rational 
function F{ of four independent variables %4, £2, x3, x,, which cannot be reduced to the form 
thus assigned for aj, can have itself 2 æj values, «| being a prime number greater than 1, if the 
number of values of the prime power F’{%i be only 2. Nor can any other radical such as a3 of 
the same order enter into the expression of the irreducible function b; because this other 
radical would be obliged to be of one or other of the two forms following, namely either 


az= (Jo + 1%) (U1 +P3 Ua + Ps Us); 
or else dz = (Jo +9101) (Uy + Pg Ue + p3 Ug), 
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p being the same cube-root of unity in these expressions, as in the expression for aj; and the 
product of the two last trinomial factors is symmetric, 


(Uy + P3 Ua + Pg Ug) (Uy + Ps Ua t+ PZ Us) = 144¢5; 


so that either the quotient = or the product a3 a{ would be a two-valued function, which would 
1 


be known when a; had been calculated, without any new extraction of radicals. At the same 


time, if we observe that Uy + Up + Ug = Ao, 


we see that the three values u4, Us, us of the three-valued function x, x, +%,%; can be expressed 
as rational functions of the radicals aj and aj, or as irrational functions of the second order of 
the coefficients a,, dy, az, a, of the proposed biquadratic equation, namely the following, 


Uy, = 1 as + ai ; Ieteitpit Pı “| ; 
3 Po +t P14 ay 
y= 5 (Aa p3% ie alo pen), 
3 Pot Pi P3%} 
2a" 144 
3 Pot P10 p341 


so that if the biquadratic equation can be resolved at all, by any finite combination of radicals 
and rational functions, the solution must begin by calculating a square-root a; and a cube-root 
ai, Which are in all essential respects the same as those required for resolving that other 
equation of which w,, Us, Uz are roots, namely the following cubic equation: 

U? — AU? + (a, a3 — 4a) U + (4a, —a?)a,—az=0; 
which may also be thus written, 

(u — 4a)? — 48e,(u — 4a) — 128e, =0. 

Reciprocally if uj, Us, Ug be known, by the solution of this cubic equation, or in any other 
way, we can calculate a; and aj, without any new extraction of radicals; since if we put, for 
Papah, ty = Ug — Ug = (L1 — Ta) (L3 — X4), 
to = Uy — Ug = (X1 — T3) (L — X4), 
ty = Uy — Ug = (£1 — T4) (a — Xs), 
we have a, = bt, tats, 
and di = (Po + Py dt, tats) (Uy + PZ Ua + Ps Us). 


Again, it is important to observe, that if any one of the three quantities ¢,, ta, tg, such as t,, be 
given, the other two, t», ts, and also “4, Ug, U3, can be deduced from it, without any new extrac- 
tion; because, in general, the difference of any two roots of a cubic equation is sufficient to 
determine rationally all the three roots of that equation: it must therefore be possible to 
express the radicals a; and aj as rational functions of t,; and accordingly we find 


a; = bt,(144e, — tî), 


f pi—p 576e; \. 
and ai= {Po + pybt,(144e, — ti)} ( : 2 “t+ 48e, -g ‘ 
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while t, may reciprocally be expressed as foliows, 


ay by 144e(Po pN 
Pot Pri% ai 
Hence the most general irrational function of the second order, 


ty = Uy — Ug = $ (P3 — P3) 


1=bo+b14; +6347’, 
which can enter into the composition of 6™, and in which 64, bi, 6; are functions of the first 
order, and of the forms _, nes 3 ty ye y PES 
(bo)o + (bo)11> (bi)o + (b1)1ai; (b2)o + (03)14, 


may be considered as a rational function of t, 


1= P(t) = (21 — Ta. Xg — £4); 
it is, therefore, included under the form (II.II.), and is either six-valued or three-valued, 
according as it does not, or as it does reduce itself to a rational function of u,, by becoming 
a rational function of tł; and in neither case can it become a four-valued function such as x. 
We must therefore suppose, that the sought irrational expression b™, for a root x of the general 
biquadratic, contains at least one radical a{ of the third order, which, relatively to the 
coefficients a4, dg, 43, Q4, must be a square-root, (and not a cube-root,) of the form 


and, relatively to the roots x1, £o, Xs, X,, must admit of being expressed either as a twelve- 

valued function, with a six-valued square, which square is of the form (II. II.); or else as a 

six-valued function, which is not itself of that form (II. II.), and of which the square is three- 
m 


valued. This radical a7 must therefore admit of being put under the form 
ay ta: ba Va» 
the factor b} being a function of the second or of a lower order, and v, being one or other of the 
three following functions, 

Vy =X HTa — Tg — Ty, Vg = L1 + Lg — Lo — Tg, Vg = X1 HTa — Lo — Xz, 
. which are themselves six-valued, but have three-valued squares. And since the product of 
the three functions v, is symmetric, 04 V_Vq= 64.e,, 
(e, having here the same meaning as in the second article,) we need only consider, at most, two 
radicals of the third order, 

alt =b1v, = Vipa — 40,4404), a= byv, = Vaz — 4a, + 4u,); 
and may express the most general irrational function of the third order, which can enter into 
the composition of b™, as follows: 

1 = 0,94 55,041 + 50,192 +b1,141 42; 
the coefficients of this expression being functions of the second or of lower orders. If we suppress 
entirely one of the two last radicals, such as a, without introducing any higher radical a}, we 
shall indeed obtain a simplified expression, but cannot thereby represent any root, such as 
£, of the proposed biquadratic equation; for if we could do this, we should then have a system 
of two expressions for two different roots, x,, £g, of the forms 
| ,=b5+bia1, x,p=b5—biar, 


which would give | bo =$ (£ + £4); 
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but this last rational function, although six-valued, cannot be put under the form (II. I1.), 
and therefore cannot be equal to any function of the second order, such as bj. Retaining there- 
fore both the radicals, a7, a2, we have next to observe, that if the function f7 can coincide with 
the sought function 6™, so as to represent some one root x, of the proposed biquadratic 
equation, it must give a system of expressions for all the four roots x,, £p, x, Xs, in some 
arrangement or other, by merely changing the signs of those two radicals of the third order; 
namely the following system, 


a De n m n m n mM nM on n n m n m n M Ml 
La = b0, 0 + 01,041 +b0,142 + 01,141 42, %y = bo 9-0), 947 +59, 143 — 01,141 42, 
ee ” om "oom Whi) a) oo Ba A ” om A ZA ” om A A 
Le = bo, o + 01,081 — bo 143-0) a7 A2, Xa = bo 0 — b1, 041 — bo, 142 +07, 14749; 


which four expressions for the four roots conduct to the four following relations, 


0,0= F(t, Ep +E, +25), bo, 142 =$(2a— Tp + 2y — Ti), 
bi 01 = E(t + 2p — ty — 2), bi atag = (1, —%y—ay +25). 


Reciprocally, if these four last conditions can be satisfied, by any suitable arrangement of 
the four roots, and by any suitable choice of those coefficients or functions which have hitherto 
been left undetermined, we shall have the four expressions just now mentioned, for the four 
roots of the general biquadratic, as the four values of an irrational and irreducible function b”, 
of the third order. Now, these four conditions are satisfied when we suppose 


n” eel 1 FORME ast pine at 
0 ? LOTR "> (17 Re art n3 
4 4b" 40% 
16e 
”" i ER 
and finally 1,1 = yoa 
pd tag Dd 


but not by any suppositions essentially distinct from these. It is therefore possible to express 
the four roots of the general biquadratic equation, as the four values of an irrational and 
irreducible expression of the third order b”, namely as the following: 

—Q, ai ay _ 16bibze4, 


a a ART T 


m 
w= boo = 


rie ee A ES ae NE ay eu ay 166, b3 eq, 
eh amet Wake’) ae? EE 
x m — ai ai ay 1 6b; b; €4 ` 
a E a T ee 


á 4 4b, 4b, diaa 
and there exists no system of expressions, essentially distinct from these, which can express 
the same four roots, without the introduction of some radical, such as af”, of an order higher 
than the third. We must, however, remember that these expressions involve several arbitrary 
symmetric functions of %4, 7, Xg, £4, or arbitrary rational functions of a,, az, ag, @4, Which enter 
into the composition of the radicals aj, aj, aj, aj, though only in the way of multiplying a 
function by an exact square or cube before the square-root or cube-root is extracted: namely, 
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the quantity bin a}; p, and p, in aj; and, in the radicals a, aZ, twelve other arbitrary quantities, 
introduced by the functions bj, bz, which latter functions may be thus developed, 

bi =o, 0 +o, 101+ (To 11,1%1) 21 + (72,04 72,194) a7", 

bf =70,0+%0,1%+ (rio +73,1%) 4 + (72,0 +72,1%) 27. 


In the earlier articles of this Essay, these fifteen arbitrary quantities had the following 


particular values, sis P3— Ps. a A =0: 
162° Pots; Pi=Y> 


E N r pri Ea "F, è 
4 To,1=11,0=11,1="2,0=%2,1= 93 
` a ` URAS RE SN EPEN x 
T0,0=4) 0,1=11,0=11,1=12,0=12,1= 0. 


Apparent differences between two systems of expressions of the third order, for the four roots 
of a biquadratic equation, may also arise from differences in the arrangement of those four 
roots. 

Analogous reasonings, the details of which will easily suggest themselves to those who have 
studied the foregoing discussion, show that if we retain only one radical of the third order af, 
but introduce a radical of the fourth order at”, for the purpose of obtaining the only other sort 
of irrational and irreducible expression, 6=b6!Y, which can represent a root of the same 
general biquadratic equation, we must then suppose this new radical a{Y to be a square-root, 
of the form 


2 32 
ay’ =p" («,—22) = J ihe (-7+ 1265+"); 
1 


p" being a function of the third or of a lower order, which in the earlier articles of this Essay 
had the particular value 4; while v, has the meaning recently assigned, and e,, e, have those 
which were stated in the second article; we must also employ the expressions 


—H, v, aly 
ay=by + et toe 
IV 
-t v a 
claps Wu ha rE ue Wane A 
—4 % | p't -ù v pt 
and EEE r a %&= a eet ae 
; Aa Gelatin’ oak is oh. 4. ° 2ak¥ 


t, retaining here its recent meaning; or, at least, we must make suppositions, and must employ 
expressions, not differing essentially from these. 

But all the radicals, a}, a{, a7, aj, at’, introduced in the present article, agree in all essential 
respects with those which have been iong employed, for the calculation of the roots of the 
general biquadratic equation; it is, therefore, impossible to discover any new expression for 
any one of those four roots, which, after being cleared from all superfluous extractions of 
radicals, shall differ essentially, in the extractions that remain, from the expressions that have 
been long discovered. And the only important difference, with respect to these extractions of 
radicals, between any two general methods for resolving biquadratic equations, if both be free 
from all superfluous extractions, is, that after calculating first, in both methods, a square-root 
a;, and a cube-root aj, (operations which are equivalent to those required for the solution of 
an auxiliary cubic equation,) we may afterwards either calculate two simultaneous square- 
roots a”, a%, as in the method of Euler, or else two successive square-roots a, al’, as in the 
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method of Ferrari or Descartes: for, in the view in which they are here considered, the methods 
of these two last-mentioned mathematicians do not essentially differ from each other.* 


[21]. Itis not necessary, for the purposes of the inquiry into the possibility or impossibility 
of representing, by any expression of the form 6™, a root x of the general equation of the 


fifth degree, L5 +A Li+ AT? + Agr? + aat +a =O, 


to investigate all possible forms of rational functions of five variables, which have fewer than 
120 values; but it is necessary to discover all those forms which have five or fewer values. Now, 


if the rational function F(a, Lo, tg, Lys L) 


have fewer than six values, when the five arbitrary roots 7, £a, £3, X4, Xg, of the above-mentioned 
general equation are interchanged in all possible ways, it must, by still stronger reason, have 
fewer than six values, when only the first four roots, £1, £a, 3, £4, are interchanged in any 
manner, the fifth root x, remaining unchanged. 

Hence, by the properties of functions of four variables, the function F must be reducible 
to one of the four following forms, corresponding to those which, in the nineteenth article, 
were marked (I. ITI.), (II. III.), (1. I1.), and (I. 1.): i 

(a) $(as); 


(b) P(X, £1 — Ta. L1 — Tg. Lı — T4. Lg — Lg. Ca — Vy. Tg — Y4); 

(c) Dlt, £1La + E314); 

(d) P(#5, #4); 
or at least to some form not essentially distinct from these. In making this reduction, the 
principle is employed, that any symmetric function of £1, Xa, Zz, Vy is a rational function of xz, 
and of the five coefficients a4, as, 3, 44, Qz; which latter coefficients are tacitly supposed to be 
capable of entering in any manner into the rational functions ¢. 

It may also be useful to remark, before going farther, that the four forms here referred to, 

of functions of four variables, with four or fewer values, may be deduced anew as follows. 
Retaining the abridged notation (æ, f,y,6), we see immediately that if the six syntypical 


functions (1,2,3,4), .(2;3,1,4), (3,1,2;4), (1,3,2,4),  (3,2,1,4), (2,1,3,4) 


be not all unequal among themselves, they must either ali be equal, in which case we have the 
four-valued form ¢(x,) or (I. I.), or else must distribute themselves into two distinct groups of 
three, or into three distinct groups of two equal functions. But if we suppose 


(1, 2, 3, 4) = (2, 3, 1, 4) = (3, 1, 2, 4), 
in order to get the reduction to two groups, the functions (1, 2,3, 4) and (2, 1,3, 4) being not 
yet supposed to be equal; and then require that the six following values of (a, $, y, ô), 
(1,2,3,4), (2,1,3,4), (1,2,4, 3), (2,1, 4,3), (1,3, 4,2), (3, 1,42), 
shall not be all unequal; we must either make some supposition, such as (1, 2, 3, 4) = (1, 2, 4, 3), 
which conducts to the one-valued form (I. III.), or else must make some supposition, such as 


(1, 2,3, 4)=(2, 1, 4,3), which conducts to the two-valued form (II.III.). And if we suppose 
(1, 2,3,4)=(2,1,3,4), in order to reduce the six functions (1, 2,3, 4)... (2,1,3,4) to three 


* [A historical account of algebraic methods of solving equations is to be found in Burnside and Panton, 
The Theory of Equations, vol. 1, Dublin (1904), 5th ed. Note A on p. 271.] 
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distinct groups, the functions (1,2,3,4) and (2,3,1,4) being supposed unequal; and then 
require that of the six following values, 


(1,2,3,4), (2,3,1,4), (3,1,2,4), (1,2,4,3), (2,4,1,3), (4,1,2,3), 


there shall be fewer than five unequal; we must either suppose (2, 3, 1, 4) = (4, 1, 2, 3), in which 
case we are conducted to the three-valued form (I. TI.); or else must suppose 


(2, 3, 1, 4) = (2, 4, l; 3), 


which conducts again to the four-valued function (I. I.), by giving (1, 2, 3, 4) = (xs). 

Now of the four forms (a), (b), (c), (d), the form (a) is five-valued, and therefore admissible 
in the present inquiry; but the form (b) is, in general, ten-valued; the form (c) has, in general, 
fifteen values; and the form (d) has twenty. If, then, we are to reduce the functions (b) (c) (d) 
within that limit of number of values to which we are at present confining ourselves, we must 
restrict them by some new conditions, of which the following are sufficient types: 


(b) (%5,%,—%_.%y — Lg. Xy — Ly. Co — Uz. Co — Ty. Lg — La) 


(b)” P(X5, Ly — Lg. Lı — Tz. Lı — Ly. Lg — Bg . Co — By. Cg — L4) 


(c)’ P(g, %y Hy + T34) = G(s, Ly Hy + %_Xq); 

(c)”  P(L5, Ly Hy + 23X4) = (Ly, XL + L315); 

(c)" — P(%5, L12 +324) = P(X y, Ly Hz + Ly Hs); 

(d)’ —_ A(%5,%4) = P(@5, £3); 

(d)”  Pl(25, 24) = P(X, £3); 

(d)” A(x, £4) = P(%p, Xs). 
(To suppose $(x;, £4) = (£4, t5), would indeed reduce the number of values of the function (d) 
from twenty to ten, but a new reduction would be required, in order to depress that number 
below six, and thus we should still be obliged to employ one of the three conditions (d)’ (d)” 
_ (d)”.) Of these twelve different conditions (b)’...(d)”, some one of which we must employ, 
(or at least some condition not essentially different from it,) the three marked (b)’ (c)’ (d)’ are 
easily seen to reduce respectively the three functions (b) (c) (d) to the five-valued form (a); they 


are therefore admissible, but they give no new information. The supposition (b)” conducts us 
to equate the function (b) to the following, 


P(g, XL — To. Ly — Ly Ly — Ly -La — Ly -Lo — Ny. Lg — T4), 
because it allows us to interchange ~; and x3, inasmuch as x may previously be put in the place 
of x, and x, in the place of x, by interchanging at the same time x, and x,,—a double inter- 


change which does not alter the product x, — 2»... £z — 24, since it only changes simultaneously 
the signs of the two factors %4 — £, and x — x4; or because, if we denote the function (b) by the 
symbol (1, 2,3, 4,5), we have (1, 2,3, 4, 5) = (2, 1,4, 3,5), and also, by (b)’, 


(1, 2,3, 4, 5)= (1, 2, 3,5, 4), 
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so that we must have (1, 2, 3, 4, 5) = (2, 1, 4, 5, 3) =(1, 2, 5, 4, 3); 


but also the condition (b)” gives 
(1; 2, 5, 4, 3) = (i, 2, 5, 3, 4); 
we must therefore suppose (1, 2,3, 5, 4) =(1, 2, 5, 3, 4), 


that is, (La, ty — Lo. Ly — Lg . Ly — Ly Co — Lg . Lo — Ly . Lg — T) 


= D2, — Hy — Lg . Li — Lg . Ly — Ly Lo — La Lo — Vy . Lg — Tg), 


which is an equation of the form (b)’, and reduces the function (b) to the form (a), and ulti- 
mately to a symmetric function a, because x; and x, may be interchanged. The supposition 
(b)” conducts to a two-valued function, which changes value when any two of the five roots 
are interchanged, so that the sum (1, 2,3,4,5)+(1,2,3,5,4), and the quotient 

(1, 2,3, 4,5) —(1, 2, 3, 5, 4) 

(% — £2) (L1 — L3). . (L4 — 25)’ 
are some symmetric functions, which may be called 2a and 2b; we have therefore, in this case, 
a function of the form, 


in which a and b are symmetric. The remaining suppositions, (c)”, (c)”, (d)”, (d)”, are easily 
seen to conduct only to symmetric functions; for instance, (c)” gives 
P lEs, Ly Xo + Ly Xq) = P(g, Lg L5 + L381) = (L1, L3 Lg + L_Xq) 
= f(y, %a% q+ L3 C5) = H(L5, LoLa + LyX) = P(H5, Ly Hz +XyH,), 
so that the condition (c)’' is satisfied, and at the same time x; is interchangeable with x,. And 
it is easy to see that the five-valued function ¢(x,) may be put under the form 
(f) by +b, % 4 Hbo + b313 +b Ta; 


the coefficients b)b,6,6,6, being symmetric. It is clear also that neither this five-valued 
function (f), nor the two-valued function (e), admits of any reduction in respect to number of 
values, without becoming altogether symmetric. There are, therefore, no unsymmetric and 
rational functions of five independent variables, with fewer then six values, except only the 
two-valued function (e), and the five-valued function (f). 

Suppose now that we have the equation 


, g 
ai= Fy (a, La, Xg, La, Xs), 
F; being a rational but unsymmetric function; and that 
0,1 =f, (41, A2, Ag, Q4, Q5), 


the exponent a; being prime, and the function f, being rational relatively to a,,...,a;, and 
therefore symmetric relatively to x,, ...,x;. With these suppositions, the function Fi must, by 
the principles of a former article, have exactly æ; values, corresponding to changes of arrange- 
ment of the five arbitrary quantities 7,,...,7;; the exponent æ; must therefore be a prime 
divisor of the product 120(=1.2.3.4.5); that is, it must be 2, or 3,or 5. But we have seen that 
no rational function of five variables has exactly three values; and if we supposed it to have 
five values, so as to put, (by what has been already shewn,) 


Ay = by +x, + bzta +b La + byXs, 
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_we should then have three other equations of the forms 

al? =D) + 6a, HOPE + OP a8 + OPA, 
a =f) + OP x, + OP a + OP x3 + bP x4, 
a4 =F 4 bx, +bMa2 +b@a3 + bMat, 


the coefficients being all symmetric, and being determined through the elimination of all higher 
powers of x, than the fourth, by means of the equations 


LË +0424 + aT? + 0,22 + azta =O, 
L? +a ,x2+a,vi+a,2%+a,22+4a,%,=0, &c.; 


and it would always be possible to find symmetric multipliers ¢,, C2, C3, C4, which would not all 
be equal to 0, and would be such that 


Ciba + Cab + c,b2) +e, = 0, 
Ciba +Cb + c,62 +0,0 =0, 
Ciba +0C,b? + c,62) +e =0; 
in this manner then we should obtain an equation of the form 
Cy + C204? + C301? + Cat = Cy by + Cab + Cg bh? + Cab + (6151 + Cab? + cab + cb?) x, 
in which it would be impossible that the coefficient of x, should vanish, because the five 


unequal values of a; could not all satisfy one common equation, of the fourth or of a lower 
degree; we should therefore have an expression for x, of the form 


L,=d,+d,a,+d,a,2+d,a,3+d,a;4, 
the coefficients dy, ...,d, being symmetric; and for the same reason we should have also 
p= do + di psa; +da p301? + ds p3ay> +d, p§ay', 
a, =de +d, pia, +d2p5ay? + ds p501? + dy p3ay', 
ty = do +d, p§a, +d, P501? +d p501? +d, p541, 
£= do +d, pia; + do p304? + da p301? +d, P5014, 
Las Lp, Ly, Xs, Ve denoting, in some arrangement or other, the five roots £4, Xa, U3, L4, Lg, and 
Ps; PŽ, PÈ, p4 being the four imaginary fifth-roots of unity; consequently we should have 
| | 5d, a, =X, + P3Xp+ P5X, + P3Xs +Ps Te; 
a result which is absurd, the second member of the equation having 120 values, while the first 


member has only five. We must therefore suppose that the exponent a; is =2, and conse- 
quently must adopt the expression 


a =b(£1— T2) (£4 — £3) (L1 — L4) (L1 — L5) (La — L3) (La — L4) (Lo — L5) (Lz — L4) (Vg — Xs) (%q—As), 
the factor b being symmetric. This, therefore, is the only rational and unsymmetric function 


of five arbitrary quantities, which has a prime power (namely its square) symmetric. 
Let us next inquire whether it be possible to find any unsymmetric but rational function, 


ai oe PFy(2, Ta, Lgs La,» Xs), 
which, having itself more than two values, shali have a prime power two-valued, 


aji =f, =a +b(£1— 22)... (£4— T5). 
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If so, the function Fi must have exactly 2~{ values, and consequently the prime exponent aj 
must be either three or five, because it must be a divisor of 120, and cannot be = 2, since no 
rational function of five arbitrary quantities has exactly four values: so that aj or Fi must be 
either a cube-root or a fifth-root of the two-valued function fi. And the six or ten values of Fi 
must admit of being expressed as follows: 


(1,2,3,4,5);3 pas(1,2,3,4,5);3 ...3 pat (1,2, 3, 4, 5); 

(1,2,3,4,5),; pls(1,2,3,4,5),3 .-.3 Pye (1, 2, 3, 4, 5), | 
in which, p, and py; are imaginary cube-roots or fifth-roots of unity, according as &; is 3 or 5; 
while (1, 2,3, 4,5); and (1, 2,3, 4,5), are some two different values of the function Fi, which 
may be called Fi and Fi”, and correspond to different arrangements of x1, £a, Lg, X4, Lg, being 
seat Maan Fri =(1, 2,3, 4,5) =a +b(£1— 24) ... (tsa), 

Fi“ = (1, 2,3, 4, 5)gi=a—Db(ay — x9)... (L4 — s). 
These last equations show that the cube or fifth power (according as a; is 3 or 5) of the product 
of (1, 2,3, 4, 5), and (1, 2,3, 4, 5), is symmetric, and consequently, by what was lately proved, 
that this product itself is symmetric; so that we may write 
F! Fy" =(1,2, 3, 4,5),.(1, 2, 3, 4,5), =, 

and therefore V(1, 2, 3, 4, 5),. V(1, 2, 3, 4, 5), =c, 
V being here the characteristic of any arbitrary change of arrangement of the five roots, which 


change, however, is to operate similarly on the two functions to which the symbol is prefixed. 
(For example, if we suppose 


(1, 2,3, 4, 5),=(1, 2,3,5,4), (1, 2,3, 4, 5), =(1, 2, 4, 3, 5), 
and if we employ V to indicate that change which consists in altering the first to the second, 
the second to the third, the third to the fourth, the fourth to the fifth, and the fifth to the first 
of the five roots in any one arrangement, we shall have, in the present notation, 
V(1, 2, 3, 4, 5), =(2,3,5,4,1), V(1,2,3, 4,5), = (2, 4, 3, 5, 1); 

and similarly in other cases.) Supposing then that V denotes the change of arrangement of the 
five roots which is made in passing from that value of the function Fj which is = (1, 2,3, 4, 5); 
to that other value of the same function which is = p,-(1, 2, 3, 4,5);, we see that the same change 
performed on (1, 2,3, 4, 5),, must multiply this latter value not by p,; but by pz; which factor 
is, however, of the form p;;, so that we may denote the 2a{ values of Fi as follows: 

(1,2,3,4,5);;  V(1,2,3,4,5),5 ...3 V11, 2,3, 4, 5);; 

(1,2,3,4,5),; V(1,2,3,4,5),; ...; V1-1(1, 2,3, 4, 5),. 
We see, at the same time, that the sum of the two functions (1, 2,3, 4,5); and (1, 2,3, 4, 5), 
admits of at least a; different values, namely, 

V°{(1, 2, 3, 4, 5), + (1, 2, 3, 4,5) = Fi + Fy’, 
V4{(1, 2, 3, 4,5); + (1, 2, 3, 4,5), =P Fit pat Fy", 


SPOOR EEE EEE EEE EEE HEHEHE EHH EE. 


Vi-1{(1, 2, 3, 4, 5); + (1, 2, 3, 4, 5),} a= pile +p FY. 


”" 
ay 


On the other hand, this sum F{ +F” cannot admit of more than a&i values, because it must 
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satisfy an equation of the degree a}, with symmetric coefficients; which results from the two 
relations Få Pica, FY FY" =c, 
and is either the cubic equation 
(Fi + Fy") — 8c(F + Fy") —2a=0, 

or the equation of the fifth degree 

(Fi +F”) —5e(Fi + Fi") + 5¢?(F + Fy") — 2a=0, 
according as a; is 3 or 5. We must therefore suppose that the function Fi +F” has exactly a} 
values, and consequently that «{ is 5 and not 3, because no rational function of five independent 


variables has exactly three values. And from the form and properties of the only five-valued 
function of five variables, we must suppose farther, that 


ze 
Fi 
x, being some one of the five roots %4, ...,%;, and the coefficients bo, ..., b4 being symmetric; and 
that conversely the root x, may be thus expressed, 


Fo 4 FY" =F" 4+ 5 =), 4,2, +5922 +6523 +b,24, 


2 4 
x,=dy+d, (Fit) +d, (Fi+ 7) Hey (Fita) | 

the coefficients dy, ...,d, being symmetric. We must also suppose that by changing F{, succes- 

sively, to p; Fi, p2 Fi, p Fi, p4 Fi, we shall obtain successively, expressions for the other four 

roots, Zp, y, Tg, Le iN some arrangement or other; and therefore, if we observe that F15 has been 

concluded to be a function of the two-valued form, we find ourselves obliged to suppose that 

the five roots may be expressed as follows, (if the supposition under inquiry be correct,) 


y= Cte Fi + eo Fi +e Fi + eF, 

p= Cyt Ps, Fi +p ky? + preg Fi + peeks’, 

Ly = Cy + PEF it pees Fi + preg Fi + peg Ft}, 

y= Cy + Pre Fi +pse Fi + pe Fy? + peg Fis, 

t= Cy + Psy Fi + Peco Fi + preg Fi +p Fi, 
ej, -.., €s being either symmetric or two-valued; but these expressions conduct to the absurd 
ies bej FL =X, + Pht p+ P3Xy + 3X5 + Ps, 
in which the first member has only ten, while the second member has 120 values. We are 
therefore obliged to reject as inadmissible the supposition 

Fi“=fi; 

and we find that no rational function of five arbitrary variables can have any prime power 


two-valued, if its own values be more numerous than two. 


[22]. There is now no difficulty in proving, after the manner of Abel, that it is impossible to 
represent a root of the general equation of the fifth degree, as a function of the coefficients of 
that equation, by any expression of the form 6™); that is, by any finite combination of radicals 
and rational functions. 

For, in the first place, since the coefficients a,,...,a; are symmetric functions of the roots 
24, ...,H5, it is clear that we cannot express any one of the latter as a rational function of the 


36 H&I 
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former; m in b&™, must therefore be greater than 0; and the expression b™ if it exist at all, must 
involve at least one radical of the first order, aj, which must admit of being expressed as a 
rational but unsymmetric function F; of the five roots, but must have a prime power Fj 
symmetric, and consequently must be a square-root, of the form deduced in the last article, 
scant a = B(x — my) .. (v4 — 25), 
the factor b being symmetric. And because any other radical of the same order, a}, might be 
deduced from a; by a multiplication such as the following, aj = Fai, we see that no such other 
radical a3, of the first order, can enter into the expression b™, when that expression is cleared 
of all superfluous functional radicals. On the other hand, a two-valued expression such as 


fi= bot bya 


cannot represent the five-valued function x; if then the sought expression x =b™ exist at all, 
it must involve some radical of the second order, aj, and this radical must admit of being 
expressed as a rational function F1 of the five roots, which function is to have, itself, more than 
two values, but to have some prime power, F'j%i, two-valued. And since it has been proved 
that no such function Fj exists, it follows that no function of the form 6™ can represent the 
sought root x of the general equation of the fifth degree. If then that general equation admit 
of being resolved at all, it must be by some process distinct from any finite combination of the 
operations of adding, subtracting, multiplying, dividing, elevating to powers, and extracting 
roots of functions. 


[23]. It is, therefore, impossible to satisfy the equation 
Bem?” + a, DOM + ab + abm + a,6™ +a, =0, 


by any finite irrational function 6™; the five coefficients a,, a, Ag, 44, a; being supposed to 
remain arbitrary and independent. And, by still stronger reason, it is impossible to satisfy 


the equation bm 4a, DOM" 4 +a, _,b™ +a, =0, 


if n be greater than five, and a,,...,@, arbitrary. For if we could do this, then the irrational 
function b™ would, by the principles already established, have exactly n values; of which, 
n — 5 values would vanish when we supposed @,,,@,_1, ...,@ to become = 0, and the remaining 
five values would represent the five roots of the general equation of the fifth degree; but such 
a representation of the roots of that equation has been already proved to be impossible. 


[24]. Although the whole of the foregoing argument has been suggested by that of Abel, and 
may be said to be a commentary thereon; yet it will not fail to be perceived, that there are 
several considerable differences between the one method of proof and the other. More particu- 
larly, in establishing the cardinal proposition that every radical in every irreducible expression 
for any one of the roots of any general equation is a rational function of those roots, it has 
appeared to the writer of this paper more satisfactory to begin by showing that the radicals of 
highest order will have that property, if those of lower orders have it, descending thus to 
radicals of the lowest order, and afterwards ascending again; than to attempt, as Abel has done, 
to prove the theorem, in the first instance, for radicals of the highest order. In fact, while 
following this last-mentioned method, Abel has been led to assume that the coefficient of the 
first power of some highest radical can always be rendered equal to unity, by introducing 
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(generally) a new radical, which in the notation of the present paper may be expressed as 
follows: 


(m) 

Bem <a” 

be? =1 
but although the quantity under the radical sign, in this expression, is indeed free from that 
irrationality of the mt? order which was introduced by the radical al”, it is not, in general, free 
from the irrationalities of the same order introduced by the other radicals a™, ... of that order; 
and consequently the new radical, to which this process conducts, is in general elevated to the 
order m + 1; a circumstance which Abel does not appear to have remarked, and which renders 
it difficult to judge of the validity of his subsequent reasoning. And because the other chief 
obscurity in Abel’s argument (in the opinion of the present writer) is connected with the proof 
of the theorem, that a rational function of five independent variables cannot have five values 
and five only, unless it be symmetric relatively to four of its five elements; it has been thought 
advantageous, in this paper, as preliminary to the discussion of the forms of functions of five 
arbitrary quantities, to establish certain auxiliary theorems respecting functions of fewer 
variables; which have served also to determine à priori all possible solutions (by radicals and 
rational functions) of all general algebraic equations below the fifth degree. 


[25]. However, it may be proper to state briefly here the simple and elegant reasoning by 
which Abel, after Cauchy, has proved that if a function of five variables have fewer than five 
values, it must be either two-valued or symmetric. Let the function be for brevity denoted by 
(a, 8, y, ô, €); and let V and V` denote such changes, that 


(8,7, 8,6, 2) =V(a, B,y,8€), 
(2,€,a,y,0)=V'(«, B, y, 8,6). 
These changes are such that we have the two symbolic equations 
Veo hv SI 
but also, by supposition, some two of the five functions 
Va, 8, y,9,€), .... V4(a, B,y, 6, €) 
are equal among themselves, and so are some two of the five functions 
V'%a, b, y, 6,6), -.., Va, 8, y, 0,6); 
we have therefore two equations of the forms 
V=1, Vr=l, 


in which r and r` are each greater than 0, but less than 5; and by combining these equations 
with the others just now found, we obtain 


V=1, VŠE 
reve (8,7,6,¢,2)=(a,8,7,8,6), and (,¢,2,7,8)=(a,8,7,0,6). 
Banca (y, a, B,6,€)=(B,y,6, 6,0) =(«, B, y,6,€); 
and in like manner, (a, Y, ô, P€) = (x, p, y,6,€) =(y,a, P, ô, €); 


we may therefore interchange the first and second of the five elements of the function, if we 

at the same time interchange either the second and third, or the third and fourth; and a similar 

reasoning shows that we may interchange any two, if we ab the same time interchange any 
36-2 
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two others. An even number of such interchanges leaves therefore the function unaltered; but 
every alteration of arrangement of the five elements may be made by either an odd or an even 
number of such interchanges: the function, therefore, is either two-valued or symmetric; it 
having been supposed to have fewer than five values. Indeed, this is only a particular case of 
a more general theorem of Cauchy, which is deduced in a similar way: namely, that if the 
number of values of a rational function of n arbitrary quantities be less than the greatest prime 
number which is itself not greater than n, the number of values of that function must then be 
either two or one. 

[26]. It is a necessary consequence of the foregoing argument, that there must be a fallacy 
in the very ingenious process by which Mr Jerrard has attempted to reduce the general 
equation of the fifth degree to the solvible form of De Moivre, namely, 


— 5bx? + 5b?x — 2e = 0, 

of which a root may be expressed as follows, 
=$ fe + ve? — 05} + 
vt i Bi{e+ ae 5} 
because this process of reduction would, if valid, conduct to a finite (though complicated) 
expression for a root x of the general equation of the fifth degree, 
x>+a,74+a,23 + a,x? 4+a,%-+a;=0, 

with five arbitrary coefficients, real or imaginary, as a function of those five coefficients, 
through the previous resolution of certain auxiliary equations below the fifth degree, namely, 
a cubic, two quadratics, another cubic, and a biquadratic, besides linear equations and 
De Moivre’s solvible form; and therefore ultimately through the extraction of a finite number 
of radicals, namely, a square-root, a cube-root, three square-roots, a cube-root, a square-root, 
a cube-root, three square-roots, and a fifth-root. Accordingly, the fallacy of this process of 
reduction has been pointed out by the writer of the present paper, in an ‘Inquiry into the 
Validity of a Method recently proposed by George B.Jerrard, Esq., for transforming and 
resolving Equations of Elevated Degrees:’ undertaken at the request of the British Association 
for the Advancement of Science, and published in their Sixth Report.* But the same Inquiry 
has confirmed the adequacy of Mr Jerrard’s method to accomplish an almost equally curious 
and unexpected transformation, namely, the reduction of the geueral equation of the fifth 
degree to the trinomial form a5 + Dr+H=0; 


and therefore ultimately to this very simple form 

e+¢=e; 
in which, however, it is essential to observe that e will in general be imaginary even when the 
original coefficients are real. If then we make, in this last form, 


x=p(cos0+—1sin ð), 
and e=r(cos v+ V—Isin v), 


we can, by the help of Mr Jerrard’s method, reduce the general equation of the fifth degree, 
with five arbitrary and imaginary coefficients, to the system of the two following equations, 
which involve only real quantities: 
p®cos50+pcos0=rcosv; p®sin5é+psiné=rsinv; 
* [See XLIX.] 
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in arriving at which system, the quantities r and v are determined, without tentation, by 
a finite number of rational combinations, and of extractions of square-roots and cube-roots of 
imaginaries, which can be performed by the help of the usual logarithmic tables; and p and 0 
may afterwards be found from r and v, by two new tables of double entry, which the writer of 
the present paper has had the curiosity to construct and to apply. 


[27]. In general, if we change x to x+ /—1y, and a; to a,+ V—16,, the equation of the 
fifth degree becomes 


(x+ y= 1y)5+ (a,+ —16,) (w+ V—ly)*+ ... +a + V—1b,= 0, 
and resolves itself into the two following: 
I. x5 — 10ax3y? + Say? + a (xt — 6x?y? + yt) — b,(4a3y — 4ary?) 

+ a(x? — 3ary?) — bo(3a°y — y?) + aal? — y?) — 2bgxy +a,x —byy +a5=0; 
and II. 5aty—10x7y3 + y5 + a, (4a3y —. dary) + b, (at — 6a?y? + yt) 

+ Aq(3a°y — Y?) + b,x? — 3xy?) + 2agay + bl? — y?) +a,y + b,x +b5=0; 
in which all the quantities are real: and the problem of resolving the general equation with 
imaginary coefficients is really equivalent to the problem of resolving this last system; that is, 
to the problem of deducing, from it, two real functions (x and y) of TEN arbitrary real quantities 
a, ... Qz, 6,,...6;. Mr Jerrard has therefore accomplished a very remarkable simplification of 
this general problem, since he has reduced it to the problem of discovering two real functions of 


two arbitrary real quantities, by showing that, without any real loss of generality, it is 
permitted to suppose mega = Oa; 
and a = | 3 


a, and b; alone remaining arbitrary: though he has failed (as the argument developed in this 
paper might have shewn beforehand that he must necessarily fail) in his endeavour to calculate 
the latter two, or the former ten functions, through any finite number of extractions of square- 


. roots, cube-roots, and fifth-roots of expressions of the form a+ J—16. 


[28]. But when we come to consider in what sense it is true that we are in possession of 
methods for extracting, without tentation, such roots of such imaginary expressions; and 
therefore in what sense we are permitted to postulate the extraction of such radicals, or the 
determination of both x and y, in an imaginary equation of the form 


2+—ly=Va+ 4-16, 


as an instrument of calculation in algebra; we find that this depends ultimately on our being 
able to reduce all such extractions to the employment of tables of single entry: or, in more 
theoretical language, to real functions of single real variables. In fact, the equation last- 


mentioned gives (x + (at y)*=a+ = 1b, 
that is, it gives the system of the two following: 
2 a(a—1) 2. th "e, _a(x—1) (x-2) K aes jaye 
a at getty? + &e.=a, aar—ly eee yY? + &c. =b; 
which, again, give (x? + y?)* = a? +b’, 
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y_ a(a—1)(a—2) s)’ 
COETY. E in 
and E EE ERT IA E A 
1-2" (4) aa a 

E. 2w We a 

If then we put $,(p) =p*, 
ar -2C (a — 2) 34 
d dia 1.2.3 j 
wi i 2%- 1) f 
RUN IX G 


and observe that these two real and rational functions ¢, and ¢, of single real quantities have 
always real inverses, $j’ and ¢31, at least if the operation ¢j1 be performed on a positive 
quantity, while the function ¢71(r?) has but one real and positive value, and the function ¢31(¢) 
has « real values; we see that the determination of x and y in the equation 


x+ VZiy=%a+ 4y — 1b, 


comes ultimately to the calculation of the following real functions of single real variables, of 
which the inverse functions are rational: 


2L a2 — dila E AS I e W 
tygr; Y-93(2); 


and to the extraction of a single real square-root, which gives 


a (ġia? +b?) 
Ma 
raer 


Now, notwithstanding the importance of those two particular forms of rational functions ¢, 
and ¢, which present themselves in separating the real and imaginary part of the radical 


Na+ 4|— 1b, and of which the former is a power of a single real variable, while the latter is the 
tangent of a multiple and real arc expressed in terms of the single and real arc corresponding; 
it may appear with reason that these functions do not possess such an eminent prerogative of 
simplicity as to entitle the inverses of them alone to be admitted into elementary algebra, to 
the exclusion of the inverses of all other real and rational functions of single real variables. 
And since the general equation of the fifth degree, with real or imaginary coefficients, has been 
reduced, by Mr Jerrard’s* method, to the system of the two real equations 


5 — 10asy?+ 5ayt+u=a, d5at4y—10a*%yF+y5+y=), 


it ought, perhaps, to be now the object of those who interest themselves in the improvement 
of this part of algebra, to inquire whether the dependence of the two real numbers g and y, in 
these two last equations, on the two real numbers a and 6, cannot be expressed by the help of 
the real inverses of some new real and rational, or even transcendental functions of single real 


* Mathematical Researches, by George B. Jerrard, Esq., A.B.; printed by William Strong, Clare-street, 
Bristol. 
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variables; or, (to express the same thing in a practical, or in a geometrical form,) to inquire 
whether the two sought real numbers cannot be calculated by a finite number of tables of single 
entry, or constructed by the help of a finite number of curves: although the argument of Abel 
excludes all hope that this can be accomplished, if we confine ourselves to those particular 
forms of rational functions which are connected with the extraction of radicals. 

It may be proper to state, that in adopting, for the convenience of others, throughout this 
p2per, the usual language of algebraists, especially respecting real and imaginary quantities, 
the writer is not to be considered as abandoning the views which he put forward in his Essay 
on Conjugate Functions, and on Algebra as the Science of Pure Time, published in the second 
Part of the seventeenth volume of the Transactions of the Academy:* which views he still 
hopes to develop and illustrate hereafter. 

He desires also to acknowledge, that for the opportunity of reading the original argument 
of Abel, in the first volume of Crelle’s Journal, he is indebted to the kindness of his friend 
Mr Lubbock; and that his own remarks were written first in private letters to that gentleman, 
before they were thrown into the form of a communication to the Royal Irish Academy. 


ADDITION 


Since the foregoing paper was communicated, the writer has seen, in the first Part of the 
Philosophical Transactions for 1837, an essay entitled ‘Analysis of the Roots of Equations,’ by 
a mathematician of very high genius, the Rev. R. Murphy, +Fellow of Caius College, Cambridge ; 
who appears to have been led, by the analogy of the expressions for roots of equations of the 
first four degrees, to conjecture that the five roots 2, x, £g X4 £z of the general equation of the 
a ois ci x + ax*+ bx? + ca? +dze+e=0, (1) 
can be expressed as finite irrational functions of the five arbitrary coefficients a, b, c, d, e, as 
follows: 


m=" + 4a +B + Ny +N, 

, aS + w3jæ + w3 + w/v + 04/6, 

=" + wat otip + oy + 07/6, (2) 
n= +o a + oh + oti y + oN ð, 

s= +o Hoe wily + w5, 


w being an imaginary fifth-root of unity, and æ f yô being the four roots of an auxiliary 


biquadratic equation, ` azat ABES +N, 
pa! tB- dy- e, € 
y=a' — NB’ + aly’ — V0", 
d=a' — JP’ — fy’ + 48"; 
* [See I.] 


t [See Trans. Camb. Phil. Soc. vol. tv (1831), pp. 125-53.] 
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in which J'y’ 6’ are the three roots of an auxiliary cubic equation, 
Baal p+ Hy" 
y =a" + ON B+ Pay", (4) 
=a" + PV p+ Oy"; 
0 being an imaginary cube-root of unity, and J” y” being the two roots of an auxiliary quadratic, 
pe a al” n A ea j 
n" m IV } (5) 
y" =a" aN. 


And, doubtless, it is allowed to represent any five arbitrary quantities 7, ££ £4% by the 
system of expressions (2) (3) (4) (5), in which a, w, and 6 are such that 


A= — (£1 +L + Tz + Xa+ T5), (6) 
wW +w? +w? =O, (7) 
0?+0+1=0, : (8) 


provided that the auxiliary quantities afyd a’ B'y'8’ a” B"y" a” al be determined so as to 


satisfy the conditions Blac, + E A ole, 


53/8 = £4 + WX, + WX, + 042, +0725, 
(9) 
Bly =a, + WT + W443 + OX, + WT, 
55/0 = 2, + 0%, + wx, + 08x, + WT, 
4a’ =a+P+y+, 


4,/8’=a+fP-y-9d, 


(10) 
4,/y'=a—h+y—9, 
4/5’ =a—B-y+6, 
3a” =f’ +y'+ 6", | 
34/8" =f’ + Oy’ + 06", (11) 
30/7" = f+ by 404,| 3 
2a” =f" +", 
oalalY = pty" (12) 


But it is not true that the four auxiliary quantities «’, œ”, «”, a!Y, determined by these 
conditions, are symmetric functions of the five quantities %4, %, %3, X4, Vz, or rational functions 
of a, b, c, d, e, as Mr Murphy appears to have conjectured them to be. 

In fact, the conditions just mentioned give, in the first place, expressions for a, p, y, 6, œ’, 
as functions of the five roots x1, Xə, Xs, Ly, Vz, which functions are rational and integral and 
homogeneous of the fifth dimension; they give, next, expressions for J’, y’, 6’, æ”, as functions 
of the tenth dimension; for J”, y”, «”, of the thirtieth; and for a!, of the sixtieth dimension. 
And Mr Murphy has rightly remarked that this function a'Y may be put under the form 


alV = 442. A}. A2. A3. A2. A2. B? ... B2.02... 02. D? ... D2. E2... E2, (13) 
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in which % is a numerical constant, and 
A ,=%_— T4, + W(%3— 2X4) +0? ne 


( 
A= T3 — Ta + W(%5— T2) + W(X; ) 
( 


(14) 
A, =X, — Xs + W/T — L5) +W?(La— Xs), 
A,=%;—%,+(X4—X3) + W(t — To), 
A5 =£ — 5+ (w? +) tor tt (15) 
Ag=%3—%,+ (W? + w?) (X5 — Xo); 


IV 
these six being the only linear factors of y Sr which do not involve x,. But the expressions 
(14) give, by (7), 


2 
(oo) 4r4edn deel tab tat tab (e+) (eatea) 


+ {(@_—%5)? + (Lo — L4) (L5 —ag)} (L3 — £4)? + (La — X3) (%5—24)}; (16) 


and the expressions gi give 


E 6 = (£3 — 4)? + (£2 — T5) (L3 — T4) — (T2 — T5)?; (17) 


the part of «!V, which is of highest dimension relatively to x,, is therefore of the form 
Naili + 2§ + 29 + 223 (x+ 25) (t +%4)} 
+ {(£2 — 25)? + (L2 — L4) (L5 — %3)} {(@s — L4)? + (L2 — La) (%5— X4)})? 
X {(£3 — L4)? + (£2 — T5) (£3 — A — (%_—%5)?}?, (18) 
N being a numerical coefficient; and consequently the coefficients, in alY, of the products 
xalg, and zt xx} are, respectively, — 6N and — 4N; they are therefore unequal, and «!V 
is not a symmetric function of £4, £o, Vg, Ly, Tg. 


The same defect of symmetry may be more easily proved for the case of the function «’, by 
observing that when x, and x; are made = 0, the expression 


4.5° 0’ = (£1 + OE + 07%, + wx, + wtr)’ 
+ (a+ 072, + wx, + wx, + w%x;5)5 
+ (£1 + wx, + 0x, + wa, + Ww)’ 


+ (a, + wx, + Wt + Wx, + wr)’ (19) 
becomes 


(aq + Wy + WL)’ + (Zo + Wy + WIE 4)? + (Ly + W823 + WE)? + (La + WE + Wx)? 
= 4x3 — 5ard(ay + £4) — 10a3 (x3 + 22324 + xj) — 1003 (a3 + Bafa, — 122,25 + 24) 
— 5x (x4 — 1623x, + Cxgay + 4ayaj + x4) + 403 — 5x3 t, — l0agaj— 10xgxj—5x,x4+4aj, (20) 
which is evidently unsymmetric. 


The elegant analysis of Mr Murphy fails therefore to establish any conclusion opposed to 
the argument of Abel. 
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